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Chuwong 1
sal sO

§1.1. SAI SO TUYET DPOI VA SAI SO TUONG DPOI

1. Sai s& tuyét d&i

Trong tinh gdn dang ta lam viéc véi cac gia tri gin ding
cua cdc dai lugng. Cho nén vén dé diu tién cdn nghién ciy,
la vén dé sai s6. Xét dai lugng ding A cd gia tri gn dung la
a. Lic dd ta ndi "a xdp x! A" va vi6t "a = A". Tri tuyét d6i
|a — A| goi la sai s6 tuyét d6i cta a (xem la gia tri gin ding
cta A). Vi ndi chung ta khéng biét s6 ding A, nén khéng tinh
dugc sai s0 tuyét d6i cia a. Do dd ta tim cach wdc lugng sai
s6 do bang s6 duong A, nao d6 16n hon hoac bang |a - A :

la - Al < A, (1.1)

S6 duong A, nay goi 14 sai sé tuyét déi gidi han cia a. Ro
rang néu A, da 1a sai s6 tuyét d6i gidi han cta a thi moi s8
A’ > A, déu c6 thé xem la sai s6 tuyét d6i gi6i han cia a. Vi
vy trong nhilng diéu kién cu thé€ ngudoi ta chon A, la s duong
bé nhdt c6 thé duoc thod man (1.1).

Néu s6 xdp xi a cia A cd sai s6 tuyét d6i gisi han la A,
thi ta quy uéc viét :

A=azt A, (1.2)
v8i nghia caa (1.1) tic 1a :
a-A, s Asa+t), (1.3)



2. Sai s6 wong d6i
Ti s6 :
AH

‘53 = Ti; (1.4)

3oi 14 sai s6 tuong déi giéi han cia a.
Ta suy ra : A, = |a|d, (15)

Cac cong thic (1.4) va (1.5) cho lién hé giita sai s6 tuong
16i va sai sd tuyét doi. Biét A, thi (1.4) cho phép tinh §,, biét
), thi (1.5) cho phép tinh A,

Do (1.5) nén (1.2) ciing cd th€ viét :
A=a(lzxs) (1.6)

Trong thuc t& nguoi ta xem A, 1a sai s6 tuyét d6i va lic dd
, cing goi la sai s tuong dé6i.

3. Cha thich ' ﬁ

Sai s6 tuyét d6i khong ndi lén ddy du "chdt lugng" cia mot
8 xdp x1, "chdt lugng" dy dugc phan dnh qua sai s6 tuong déi.
Ay thi du : do hai chiéu dai A va B dugc a = 10m véi
a = 0,06m va b = 2m véi A, = 0,05m. R6 rang phép do A
huc hién "chit lugng" hon phép do B. Diéu dé khéng phan
nh qua sai s§ tuyét d6i vi ching bing nhau, ma qua sai s6
tang déi :

e
i

0,05 0,05
5a=—1‘0—=0,5%<0b=T=2,5%

§1.2. CACH VIET SO XAP Xi

1. Chir s6 ¢6 nghia

Mot s6 viét 6 dang thap phan cd thé goébm nhiéu chi sg,
hung ta chi k€ cidc chit s6 ti chit s6 khac khéng ddu tién tinh
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chit s6 cd nghia, s6 0,0207 ciing cd ba chit s6 cd nghia.

2. Chir s8 déng tin
Moi s6 thap phan déu cd dang :

a=+ 2al0° (1.7)

trong dd : ag 1a nhitng s6 nguyén tit O dén 9, chdng han sé
65,807 viét :

65,807 = 6.10' +5.10° + 8.10°! + 0.1072 + 7.1073
tic 1a cd dang (1.7) véi :

ay=6,a,=56a.,=8a,=0,a,3=17

Gia st a la gia tri x4p xi cta A voéi sai s6 tuyét déi gidi
han A,. Ta chu y chit s6 a,. Néu A, < 0,5.10° thi ndi a, 1a chiz
86 dang tin, néu A, > 0,5.10° thi ndi ag 1a chiz s6 ddng nghi.

Thi du : Cho a = 65,8274 voi A, = 0,0043 thi cac chit s6
6, 5, 8, 2 la dang tin, cdon cdc chit s6 7, 4 1a dang nghi. Né&u
A, = 0,0067 thi cdc chit s6 6, 5, 8 la dang tin con cac chit s6
2, 7, 4 1a diang nghi.

R6 rang néu «a  1a ddng tin thi t4t c4 nhing chit s§ c¢d nghla
ding & bén tral nd cing la dang tin va néu «, la dang nghi
thi tdt cA nhitng chit s cd nghia & bén phai nd ciing 12 dang nghi.

3. Cach viét s8 xdp xi

Cho s6 a la gia tri xdp xi cia A véi sai s6 tuyét d6i gisi
han la A,. Cd hai cach viét s6 x&p xi a ; Cach thd nhat 1a viét
kem theo sai s6 nhu d cong thic (1.2) hoac (1.6). Cach thu hai
la viét theo quy wdc : moi chit s6 ¢6 nghia la dang tin. Mot
36 viét theo cdch thd hai ¢6 nghia 12 né cé sai s6 tuyét d6i
3i6i han khéng lén hon mét nua don vi ¢ hang cudi cing. Cac
yang s6 cho sdn nhu bang légarit, v.v... thudng in céc s6 xip
1 theo quy udc nay.
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§1.3. SAI SO QUY TRON

1. Hién tuong quy trdon sé va sai s6 quy tron

Trong tinh todn khi gap moét s6 c6 qua nhiéu chu s6 dang
ighi ngudi ta bd di mot vai chit s6 & cudi cho gon. vide lam
'6 goi la quy tron s6. M6i khi quy trdn mdt s6 nguoi t. tio
a mot sai s6 moi goi 12 sai s6 quy tron ndé bang hi¢u giua =6
fa quy trdon va s6 chua quy tron. Tri tuyét déi cua hiéu dS goi
& sai s6 quy tron tuyét d6i. Quy tac quy tron phdi chon sao
sho sai s6 quy tron tuyét d6i cang bé cang t6t, ta chon quy tic
sau day : quy tron sao cho sai 86 quy tron tuyét déi khong lon
hon moét nita don vi 6 hang dugc git lai cubi cing, tuc la &
don vi d hang b6 di diu tién, cu thé 14, néu chiz s6 bd di
dau tién = 5 thi thém vai chit s6 gi# lai cudi cing moét don
vi, con néu chiz s6 bé di dau tién < 5 thi dé€ nguyén chit s6
giit lai cubi cing.

Thi du : S6 62,8274 quy tron dén chi s6 1é thap phan thd
ba (tdc la giit lai cdc chit s6 tit du dén chir s6 1é thap phéan
thitt ba) sé thanh s6 62,827 ; cing s6 d6 quy tron dén chit s6
1é¢ thap phan thd hai sé thanh s6 62,83 ; va cing s6 d6 quy
tron dén ba chit s6 cd nghia (tdc la chi giit lai ba chit s6 cd
nghia) sé thanh s6 62,8.

2. Sai s8 cua s8 da quy tron
Gia st a la s6 x4p xi cua s6 ding A vdi sai s§ tuyét d6i
gioi han 1a A,. Gia s ta quy tron a thanh a’ véi sai s6 quy
tron tuyét d6i 1a 6,, tdc la
ja’ ~a| <6, (1.8)
Hay tinh sai s6 tuyét d6i gigi han A,, cia a’. Ta cd :
a’-A=a -ata-A
Do d6 :

ja’ - A| < |a’-a| + |a-A] €6, +4,
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Vay cd thé ldy :
Ay = A, +6, (1.9)
R6 rang 4, > A, tuc 1a viéc quy tron s6 lam tang sai s6
tuyét d6i giéi han.

3. Anh hudng cua sai s6 quy tron
Xét mot thi du. Ap dung cong thie nhi thic Niuton (Newton)
ta cd céng thic ding :
(V2 - D! = 3363 - 2378/2 (1.10)
véi V2 = 1,41421356...

Bay gio ta tinh hai v& cia (1.10) bang cach thay V2 béi cic
s0 quy tron (xem bang 1.1) :

Bdng 1.1
\Fi V& trai V& phai
1.4 0.0001048576 338
141 0,00013422659 10,02
1414 0,000147912 0,508
141421 0.00014866399 - 0,00862
1414213563 0,00014867678 0,0001472

Sy khdc biét gilta cac gia tri tinh ra cta hai v& chding té
rang sai s6 quy trdn cd thé cd nhitng tic dung rit dang ngai
trong cdc qud trinh tinh toan.

~§1.4. CAC QUY TAC TINH SAI SO

1. Mé dau
Xét ham s6 u cta hai bién s6 x va y :
u = fz, y) (1.11)
Cho biét sai s6 vé x va y, hay lap cong thic tinh sai s6 vé u.
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Dé tranh nhdm lin trudc hét ta nhic lai y nghia cua cac
ty hiéu :

Ax, Ay, Au chi cdc s6 gia cua x, v, u.
dx, dy, du chi cac vi phan x, y, u.

Ay, Ay, A, lai 1A cdc sai s tuyét d6i cua x, y, u. The
ighia (1.1) ta ludn ¢ :

lax| < Ag; Jayl < 4, (1.12)
Ta phai tim A, d€ cé |Au] < A,

2. Sai s6 cua téng u = x + Yy
Ta ¢ : Au = Ax + Ay
Ta suy ra |Au| < |[Ax] + Javi
Do d6 theo (1.12) ta cd :
|Au| < A+ 4,
Ta chon : A,y = Ay + A, (1.13)
€ co |Au| < A, Vay cd quy tic :
Sai s6 tuyét d6i (gidi han) clia mot téng bdng téng cdc sai
& tuyét d6i (giéi han) cia cac sé hang.
Chii thich. Xét trudng hop u = x - y v6i x va y cung ddu.
JAc d6
. NE
“ T Tl T -yl

J,

Cho nén néu |x ~ y| r&t bé thi sai s6 tuong ddi gidi han
at 16n. Do d6 trong tinh todn nguoi ta tim cach tranh phdi
ric cac s6 gan nhau.

3. Sai s6 cua tich u = xy

Ta ¢d : Au = du = ydx + xdy = yAx + xAy

lau| < |y| |Ax| + [x| [Ay] < |y]| Ac+ [x]4A



Ta suy ra : A, = |yla, + |x]A,.

Do d6 : & 4, lyla, + |x|Ay Ay Ay
o dd : = = =

LY txy| x| Iyl
tic lacé : Oy = 6.+, (1.14)

Vay 6 quy tic : Sai s6 tuong déi (gidi han) cia mot tich
bang téng cac sai s6 tuong doi (gidi han) cia cdc s6 hang cia
tich. Dac biét ta c6 :

é,n = nd, ; n nguyén dudng. (1.15)

4. Sai sd cua thuong u = x/y, y = 0

Tuong tu nhu trudng hop tich ta cé quy tic :

Sai s6 tuong déi cua mot thuong bdng téng cdc sai s6 tuong
d6i cia céc s6 hang :

Sy = Oy + 8y (1.16)

Xy

5. Céng thuc tong quét

Cho : u = f(xl, X?_, ey xn)
) 5o, of
ta cd : A, = 2 ‘ P | By 1.17

va tit dS ta suy ra J,, theo dinh nghia (1.4).

Thi du : Tinh sai s6 tuyét déi (gi6i han) va sai s6 tuong
d6i (gi6i han) cia thé€ tich hinh cdu :
1

- 3
V—Gnd

néu cho dudng kinh d = 3,7 = 0,05 cm va = = 3,14.

Gidi. Xem n va d 1a d6i s6 cia ham V, theo (1.14) va (1.15)
ta co : '

8y =96, + 34,
é, = 0,0016/3,14 = 0,0005
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Suy ra : d¢ = 0,0005 + 3.0,0135 = 0,04
1
Mat khdc : V = ¢ 2d® = 26,5cm’

Vay 6 : Ay = 26,5.0,04 = 1,06 = 1,lcm’
V = 26,5 + 1,lcm’

§1.5. SAI SO TINH TOAN
VA SAI SO PHUONG PHAP

1. Mé& dau

Khi giai gdn ding mot bai toin phuc tap ta phai thay bai
o4n da cho bing mot bai todn don gidn hon co thé giai dugc
héng qua viéc thuc hién cic phép tinh thong thudng bang tay
odc trén may tinh dién t&. Phuong phdp thay bai toan phic
1p bdng bai todn don gidn nhu thé goi la phuong phdp gén
4ng. Sai s6 do phuong phép gin dung tao ra goi la sai sé
huong phap. DE giai bai toan don gian ta phai thuc hién cac
hép tinh thong thudng, ta ludn ludn phai quy tron cac két qua
rung gian. Sai s6 tao ra bdi tit cad cac l4n quy tron nhu vay
oi 1a sai s6 tinh toan. Sai s6 cubi cang 1a tdng hop cua hai
»ai sai s6 phuong phap va tinh todn ndi trén.

2. Thi du
a) Hay tinh téng :

1 1 1 1 1 1
+

3 93 P 4 :5? 63

Gidi. A la téng cua 6 phan s6. Ta cé thé tinh truc tiép A
12 khéng phai thay nd bidng mot téng don giam hon. Vi vay &
ay khong cd sai s6 phuong phdp D& tinh A ta hay thyc hién

4 :



4 c ok —eeeee wens ve vuu.SU i€ dp pnan va danh gis céc sai
50 quy tron tuong dng :

1 1

1 o
—5 = g = 0,125 vOi1 62 =0

1 . -4
-—3 = '2-7 = 0,037 vOl 03 = 1.10 .
1 1 -
5 = 64 = 0016 v6i 6, = 41074
1 1 .-
—5—3 = ﬁg = 0,008 VOl 65 =0
= =L 0,005 61 6 = 4.107*
6—3— = '2—1—6 = y vO1l 6 = 4.1

Vay A = a = 1,000 - 0,125 + 0,037 - 0,016 + 0,008 -
- 0,005 = 0,899

A -al| = |(1—13- —1) - (2% —0,125) + (513— —0,037) -
- (%- 0,016) + (é—o,ooa) - (6—13 ~0,005) |
1 1
[A - a| < Iﬁ_ll + l;—o,125|+
+'§13——0,037| + ,7415—0,0161 + ,5—13 —0,008,+
+|.él§_0,005l s()1+02+63+94+95 +6, = 91074

Do dg

a = 0,899 1a gis tri gan ding cia A vé6i sai s6 tinh tosn
9.107% :

Ta vist A = 0,899 + 9.10°¢ , (1.18)
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b) Hay tink dai luong
p-L1_1,.1_ + (-p!
12 23 3
5i sai s6 tuyét d6i khong vuot qua 5.1073,
Gidi. V& phai cia B 12 mét chubi s6 dan ddu hoi tu.

Do d6 viéc tinh B la hgp ly. Nhung vé& phai la mét "téng vo
an s6 hang", ta khong thé cong h&t s6 nay dén s6 khic mai
uge. Do d6 d€ tinh B ta phai st dung mét phuong phdp gin
ung, cu thé€ 1a thay B bing t6ng cia n s6 hang ddu :

L,
n3 '

1 a1l
=I§—§§+...+(—l) ;:;'F

Bai todn tinh B, don gian hon bai toan tinh B. Lic dd
B - B,| 1a sai s6 phuong phap, va s6 n phai dugc chon sao
ho sai s6 phuong phdp 4y cOng v6i sai s§ tinh todn vén con
hé hon 5.107%. Ta c6 :

1 1 1
- + .. I <
m+1) (n+2)> (m+1)3
(theo li thuyét vé chubi s6 dan d4u). V6i n = 6 ta thay :

1 _
|B - B,| <%=%<3'1°3

lB_Bn! =I

Ta chu y ring B, = A da tinh & trén (xem 1.18):
B, = A = 0,899 + 9.10°*
Viy c6 :
B - 0,899 = B - B, + A - 0,899
|B - 0,899| < |B -B,| + |A - 0,899
|B - 0,899| < 3.103 +9.107* < 4.1073

Vay ta da tinh dugc B = 0,899 véi sai s6 tuyét d6i khong
vuot qua 4.1073 :

B = 0,809 + 4.107>
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sai s6 ;;huoné phap va cd phdn cia sai s§ tinh toan, cho nén
ta phai khéo phan b8 sao cho sai s6 cufi cuing nhé hon sai s6
cho phép. '

] §1.6. PHU LUC 1
SU ON DPINH CUA MOT QUA TRINH TINH

1. M¢ dau

Xét mot qu4 trinh tinh v6 han (tdc 1A gém vo6 s6 bude) d€
tinh ra m6t dai lugng nao d6. Ta ndi qua trinh tinh 1a 6n dinhk
néu sai sé tinh toén tuc la cbc sai s6 quy tron tich luy lai
khong tang vé han.

Néu sai s6 d6 tang vé han thi ta néi qud trinh tink la
khéng on dinh.

Ro rang néu qua trinh tinh khéng 6n dinh thi khéng cé hi
vong tinh dugc dai lugng cdn tinh véi sai s6 nhd hon sai s8
cho phép. Cho nén trong tinh toan ki nh4t 1a cdc qua trinh
tinh khong 6n dinh.

Dé kiém tra tinh én dinh cua mét qua trinh tinh thudng
ngudi ta giad st sai s6 chi xay ra tai mot bube, sau d6 cac phép
tinh déu lam ding khéng cd sai s6, néu cudi cung sai s6 tinh
todn khong ting vo6 han thi xem nhu qu4 trinh tinh 12 én dinh.

2. Thi du
Xét qua trinh tinh
Vier = Qi (1.19)

¥, va q cho truédc.
Gia sit tai budc i x4c dinh nao d6 khi tinh y; ta pham moét
sai s6 &; (day khong phai l1a ki hiéu cia sai s tuong d6i nhu

truéc day), nghia 1a thay cho y; ta chi thu duge y; véi :
¥ —yl =6, >0 (1.20)
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Vi1 = Qi (12D
Liy (1.21) trit (1.19) v& véi vé ta duge :

Yier ~ Yit1 = ; ~ i

Vier — Yier = 407 ~ ¥
Ti€p theo ta cd :

Yitz = Qi+l

Yi+2 = Wi+
Bang phép trit nhu trén ta lai ¢6 :

-

§i+2 - Yi+2 T Q(§i+1 = Yi+1)

Mot cdch t8ng qudt ta cd :
§i+n -~ Yi+n T q'( ii - ¥
| Yi+n = Yitnl = lq|" | yi — il
Nhu vay, néu & budc i ta mic mot sai s6 |y—yi| =96 va
au dé moi phép tinh déu lam ding thi & budc i + n ta sé méac
iai 80 :
| Yi4n ~ Yit+n = lq|"s
Ta thdy cd hai trudng hgp cén phan biét :
1) Truong hop |q| < 1 - lic dd |q|™ < 1 nén sai s6

| ¥itn — Yitnl < é v6i moi n

\ghia la sai s6 tinh todn bi chén (khong tang v6 han). Vay qua
rinh tinh 6n dinh.
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|q]|™ = « khi n —» «, nén sai s6
I§i+n = Yi+nl = © khin —

Viay qué trinh tinh khéng 8n dinh.

Trong thuc t& mac dit qud trinh tinh 14 v6 han, ngudi ta
cing chi 1am mé6t s6 hitu han buéc, nhung vAn phai doi héi
qua trinh tinh 6n dinh m6i hi vong v4i mét s6 hitu han bude
cd thé dat duge miuc d6 chinh xac mong muén.

BAI TAP

1. Khi do mot s6 gdc ta dugc cac gia tri sau :
a = 21°37'3” ; b = 1°10”
Hay tinh sai s6 tuong d6i cia cdc s6 x4p xi d6 bi6t ring sai
s6 tuyét d6i trong cac phép do 1a 1"

2. Hay x4ac dinh sai s§ tuyét d6i cua cdc s6 xfp xi sau day
cho biét sai s6 tuong d6i cda chiing :

a = 13267 ; 5, = 0,1%

b =232 ; S = 0,7%

3. Hay xdc dinh s8 cac chitx s§ ddng tin trong cdc s6 a véi
sai s6 tuyét d6i nhu sau :

0,3941 ; A, = 0,25.1072

y

a) a

i

b) b = 38,2543 ; A, = 0,27.1072

4. Hay xac dinh s6 nhiing chit s6 dang tin trong cac s6 a
véi sai s6 tuang d6i nhu sau :

a) a = 1,8921 ; Oy

0,1.1072
b) a = 22,351 ; 5, = 0,1
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; vu ngnia gang tin va xac dinh sai s6 tuyét d6i A va sai sd
tong d6i § cta ching :

a) 2,1514 ; b) 0,16152 ;

c) 0,01204 ; d) -0,0015281.

6. Hay xac dinh gia tri cia ham s6 dudi day cung véi sai
5 tuyét d6i va sai s tuong d6i dng véi nhitng gid tri ciua céc
6i s6 cho v6i moi chit s6 ¢6 nghia déu dang tin :

a) u = In(x + y?) ; x=097; y=1132
b)u=(x+y2z; x=2328; y=0932;z=1,132.

7. Tinh t6ng S sau day véi ba chit s6 1é thap phan dang tin:

1 1 1 1 1 1 1

S=ﬁ+ﬁ ﬁ+ﬁ+.1_5+1_6-+ﬁ

8. Tinh s6 e :
1 1 1
e=1+q7+g+ .t 5+
61 sai s6 tuyét d6i khong qua 1074

Tra 10i

1.4, = 0,13.107%; &, =028107

2. A, = 0,13.10%; A, = 0,16.107"

3.a)2; b4

4.2)3; b)1. .

5. a) 2,15 ; A =0,14102; & = 0651073
b) 0,162 ; A = 0,48.103; 5§ = 0,3.1072
) 0,0120; A =0410%; § =0,33.10"2
d) -0,00153 ; A = 0,19.107° ; § = 125.1072

6.a)u=081; A, =027102; 5, = 0,33.1072

b) u = 3,665; A, = 0,7.10°%; &, = 0,20.10"2
7.S = 0,511
8. e = 2,7182 % 0,0001.



Chuwong 2

A

TiINH GAN DUNG NGHIEM THUC

2

CUA MOT PHUONG TRINH

§2.1. NGHIEM VA KHOANG PHAN LI NGHIEM

1. Nghiém thuc cua phuong trinh mét &n

Xét phuong trinh mot 4n :

f(x) =

trong dd : f 12 mét ham s6 cho truée cta dbi s6 x.

(2.1)

Nghiém thyc cta phuong trinh (2.1) 14 s6 thuc « théa man

(2.1) tic la khi thay a vao x & v& trai ta duge :

fla) =

2. Y nghia hinh hoc
cua nghiém

Ta vé d6 thi cia ham s6 :
y = f(x) (2.3)

trong moét hé toa do vudng
géc Oxy (hinh 2-1). Gia su
dé thi cdt truc hoanh tai mét
di€ém M thi diém M nay cd
tung d6 y = O va hoanh dé¢
x = a. Thay ching vao (2.3)
ta dugce :

(2.2)

Hinh 2-1
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Vay hoanh d6 d.cﬁa giao
lifm M chinh 1a mét nghiém
wa (2.1)

Trudc khi vé d6 thi ta ciing
:6 th€ thay phuong trinh (2.1)
ving phuong trinh tuong
luong :

g(x) = h(x) (2.5)
r6i vé d8 thi cia hai ham sé
‘hinh 2-2)

y= g(x)’ Hinh 2-2
y = h(x) (2.6)

Gia st hai d6 thj 4y cdt nhau tai di€ém M cd hoanh d6 x = a
thi ta c6 :

gla) = h(a) 2.7
Vay hoanh d6 a cia giao diém M cta hai d6 thi (2.6) chinh
a2 mot nghiém cua (2.5), tdc la cua (2.1).
3. Su tén tai nghiém thuc cua phuong trinh (2.1)

Truéc khi tim cach tinh gdn ding nghiém thyc cia phuong
rinh (2.1) ta phai ty héi xem nghiém thuc &y cd tén tai hay
théng. D& tra 18i ta ¢ thé dung phuong phdp d6 thi & muc 2
;rén.- Ta cling ¢6 thé dung dinh U sau :

Dinh li 2.1 - Néu cé hai s6 thuc a va b (@ < b) sao cho
Ya) va fb) tréi déu tic la

f(a).f(b) < O (2.8

{dng thoi f(x) lién tuc trén [a, b] thi 0 trong khodng [a, b] c6
t nhdt mot nghiém ‘huc ciia phuong trinh (2.1).
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Diéu d6 ¢S th€ minh hoa trén
d6 thi (hinh 2-3). D6 thi caa &Y
ham s6 y = f(x) taia < x < b 5
12 mot dudng lién ndi hai di€m
A va B, A ¢ dudi, B & trén truc
hoanh, nén phai cat truc hoanh

|
|
!
v
tai it nhdt mot di€m & trong v/ N/ éL
|
| ~

khoang tit a dén b. Vay phuong
trinh (2.1) c6 {t nhat mo6t nghiem
6 trong khoang [a, bl.

Hinh 2-3
4. Khoang phén li nghiém (con goi la khoang tach nghiém)

Dinh nghia 2.1 - Khodng [a, b] nao dé goi la khodng phén
li nghiém cta phuong trinh (2.1) néu né chua moét va chi moét
nghi¢m cia phuong trinh dé.

D€ tim khoang phéan li nghiém ta cd dinh i :

Dinh li 2.2 - Néu [a, b] la m¢t khodng trong dé ham sé
frx) lien tuc va don diéu, dong thoi fla) va f(b) tréi déu, tuc
la c6 (2.8) thi [a, b] la moét khodng phén li nghiém cia phuong
trinh (2.1).

Diéu nay c6 thé minh hoa bing d6 thi (hinh 2-4).

D6 thi cia ham s6 y = f(x)
cAt truc hoanh tai mét va chi
mét diém & trong [a, b]. Vay Y
[a, b] chi&a mot va chi moét
nghiém ctia phuong trinh (2.1).

Né&u f(x) ¢6 dao ham thi diéu
kién don diéu cé th€ thay bang
diéu kién khong ddi dGu cua dao

(74

[}

ham vi dao ham khong d8i d4u :\/

thi ham s6 don diéu. Ta cd :
Dinh Ui 2.3 - Néu [a, b] la A

mot khodng trong dé ham f(x)
lién tuc, dao ham f'(x) khéng déi

18

O o= - =

Hinh 2-4
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Gu va fla), fb) tréi ddu thi [a, b] la moét khodng phéan li
ghiém cia phuong trinh (2.1).

Mué6n tim cdc khodng phan li nghiém ctia phuong trinh (2.1)
audng ngudi ta nghién cdu sy bién thién cia ham s6 y = f(x)
5i 4p dung dinh i 2.3.

5. Thi du
Cho phuong trinh
fx) =x>-x-1=0 (2.9)

Hay ching t6 phuong trinh nay cd nghiém thuc va tim
hodng phan li nghiém.
Gidi : Trufc hé&t ta xét sy bi&n thién ctia ham s6 f(x). N¢
dc dinh va lién tuc tai moi x, déng thoi
1
s - 2 _ - . —
f(x)—-3x l—Otalx—iT3=

Ta suy ra bang bién thién

- o - 1N3 INS +
"(x) +. 0 - 0 +
[x) » M e . + v
—_ 0 // “\\"\~\, m // ®

'ongdéz M"-—‘f(—ﬁ) = —3J§' +ﬁ

V4y d6 thi cidt truc hoanh
2i mot di€m duy nhA4t (h. 2-5), y
o dé phuong trinh (2.9) ¢
20t nghiém thuc duy nhAt, ki
iéu nd la a.

1 /.
Ta tinh thém _— ./’.6 /{ﬁ x
o(

f()=1"-1-1<0 !
1

f(2)y=2"-2-1>0

Vay khoang [1, 2] chda
nghiém cua phuqng trinh (2.9). Hink 2-8

[



Nhung vi phuong trinh nay chi c6 mét nghiém nén chmh nghiém
dy phan 1li & trong [1, 2].

Tom lai, phuong trinh (2.9) c6 mét nghiém, thuc duy nhdt
a, phan li 6 trong khoang [1, 2].

§2.2. PHUONG PHAP CHIA DOI

1. M6 ta phuong phéap

Xét phuong trinh (2.1) voi gia thiét nd cé nghiém thuc « da
phén li & trong khoang {a, b].

Ta tim cach thu nhé ddn khoang phan li nghiém bang cich
chia dé6i lién tiép cac khoang phan li nghiém da tim ra. Trudc
hét ta chia dé6i khoang [a, b]l, di€ém chia 12 ¢ = (a + b)/2. R
rang khoang phan li nghiém méi sé 1a [a, c] hay [c, b]. Ta tinh
f(c). N&u f(c) = O thi ¢ chinh la nghiém ding a. Thudng thi
f(c) # 0. Lic do ta so sanh ddu cua f(c) v8i ddu ciaa f(a) dé€
suy ra khodng phan li nghiém thu nhd. Né&u f(c) trai didu f(a)
thi khodng phan li nghiém thu nho la [a, ¢] . Néu f(c) cung
ddu f(a) thi khodng phan li nghiém thu nhé la [c, b]. Nhu vay
sau khi chia d6i khoang [a, b] ta dugc khoang phdn li nghiém
thu nhé la [a, c] hay [c, b], ki hiéu la [a;, bj], nd nidm trong
[a, b} va chi dai bing nita khoang [a, b] tic la :

1

Tiép tuc chia d6i khoang {a,, b;] va lam nhu trén ta sé dugc
khoang phan li nghiém thu nhdé méi, ki hiéu 1a [a,, b,], nd ndm
rong [a;, b;] tdc la trong [a, b] va chi dai bing nia khoang
:al, b1] :

1 I
bz“az=§(b1_ax)=§3(b—a)
Lap lai viéc lam trén dé&n lan thd n ta dugc khodng phan li
aghiém thu nhé thd n, ki hiéu la [a,, b}, né ndm trong [a, b]
va chi dai bang 1/2" cia [a, b] :
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2!‘]
Vay cé thé€ ldy a, lam gia tri gdn dding cda a, lic d6 sai
s6 1a :
(b-3a)
2!1
cing c6 th€ 14y b, lam gia tri gdn ding cta a, lic d6 sai s6 1a :

lo —a,| <b, —a, = (2.10)

_(b-2)

la = b,] <b, —a P

(2.11)

n

Do d6 v6i n du 1on, a, hay b, déu du gén a.

Khi n - « thi a, = a, b, — a. Nén ta ndi phuong phdp
chia d6i héi tu.

Chié thich : Trong qud trinh chia d6i lién tiép r&t cd thé
gap mot di€m chia tai d6 gia tri cia f bing khong. Lic d6 ta
dugc nghiém ding : hoanh d6 cta di€m chia dd.

2. Thi du
Xét phuong trinh (2.9)

Ta da ching minh ring phuong trinh nay chi ¢ mét nghiém
thyc « da phan li ¢ trong khoang [1, 2). Vay :

a€(l,2]vafl) =1-1-1<0
f2Q)=22-2-1>0

Ta chia d6i khoang (1, 2] di€m chia 1a 3/2.

f(%) = (-2-)2 - g- 1 > 0 trai ddu f(1). Vay a € [1, 3/2].

Ta chia d6i khoang [1, 3/2], di€ém chia la 5/4. Ta cs f(5/4) < 0,
cung ddu véi f(1). Vay a € [5/4, 3/2].

Ta chia d6i khoang [5/4, 3/2], di€m .chia 14 11/8. Ta cd
£f(11/8) > 0, trai ddu f(5/4). Vay a € [6/4, 11/8].
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Ta chia d6i khoang [5/4, 11/8], diém chia la 21/16. Ta c6
£(21/16) < 0, cung ddu véi f(5/4). Vay a € [21/16, 11/8].

Ta chia do6i khoang ([21/16, 11/81], di€m chia la 43/32. Ta co
f(43/32) > 0, trai ddu f(21/16). Vay a € [21/16, 43/32].

Ta diung qua trinh chia d6i tai day va ldy 21/16 = 1,3125
hay 43/32 = 1,34375 lam gi4 tri gdn duing clia a thi sai s6
khong vugt qua 1/2° = 1/32 = 0,03125.

Vi ta da chia d6i 5 l4n va d6 dai khoang [1, 2] 122 -1 = 1,
(xem cdng thidc (2.10) va (2.11)).

3. So dé tém t&t phuong phap chia dbi

1) Cho phuong trinh f(x) = 0.
2) An dinh sai s6 cho phép ¢.

3) X4ac dinh khoang phan li nghiém [a, b]

4H Tinh ¢ = (a+b)/2, tinh f (c)

D /f(alm S

-————<\'\ﬁ0)\/

Thay b = ¢ Thay a = ¢

=
5.
=
®
il
o
!
o

&'\e<£A
~
11)
Két qua :
a = a la —a} < €
a=oD>» la = b} <&
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§2.3. PHUONG PHAP LAP

1. M6 ta phuong phap

Xét phuong trinh (2.1) v6i gia thist né c6 nghiém thuc a
phan li ¢ trong khoang [a, b} ;

Trudc hét ta chuyén phuong trinh (2.1) vé dang twong duong :
x = p(x) (2.12)
Sau dd ta chon méot s§ x, nao dé € [a, b] lam x4p xi d4u
r6i tinh ddn day s6 x, theo quy téc :
X, = (X)), n =12 (2.13)
X, cho trudc € [a, b] (2.14)

Qu4 trinh tinh nay cd tinh lap di lap lai nén phuong phip
& day goi 12 phuong phdép lap, ham ¢ goi la ham lap.

2. Sy hdi tu

Dinh nghia 2.2 - Néu xdy x, — a khi n — o« thi ta néi
phuong phiép lép (2.13) (2.14) hoi tu.

Khi phuong phap lap hoéi tu thi x, cang gén « néu n cang
lon. Cho nén ta c6 thé xem x, véi n xdc dinh la gid tri gan
ding ctia a. Néu phuong phap lap khong hoi tu thi x, ¢S thé
rdt xa a. Vi vay chi c6 phuong phap ldp hoi tu mdi c6 gid tri.
D€ kifm tra xem mot phuong phdp lap c¢é hdi tu hay khong
ta cd dinh li sau :

Dinh li 2.4 — Xét phuong phép lap (2.13) (2.14) gid su

1) [a, b] la khodng phan li nghiém a cia phuong trinh (2.1)
tic la cua (2.12) ;

2) Moi x,, tinh theo (2.13) (2.14) déu € [a, b] :
3) Ham ¢(x) ¢6 deo ham théa mdn
lp'®)|] <q<l,a<x<b - (2.15)
trong dé q la mét hdng sé.



Thé thi phuong phdp lap (2.13) (2.14) hoi tu :
Xy~ akhin—>o (2.16)
Chitng minh : Trudc hét vi a 12 nghiém ctia (2.12) nén cé
a = pla)
- DPem ding thuc nay tri (2.13) v& véi v& ta duge :
a - x, = pla) - p(x, ) (2.17

Ta s& 4p dung cong thdc Lagrangio vao v& phai cia ding
thic trén.

Trudc hét ta nhiac lai cong thuc Lagrangio :

Coéng thiac Lagrangioc - Cho ham s6 F(x) lién tuc trén
[a, bl, c6 dao ham trong (a, b) thi ton tai s6 ¢ € (a, b), tie
lac=a+06b-a), 0<6 < 1 sao cho

F(b) - F(a) = F'(c)(b - a) (2.18)
Ap dung céng thuc Lagrangio vao (2.17) ta duge

a-x, = ¢cHa - x,)) (2.19)

viic = a+6(a-x,, € (a, b)

Theo gia thiét (2.15) ta ¢d |¢’(c)| < q < 1. Do d6 (2.19) cho :

o = x| = 9@ & =%yt < ala = x|
Vay 6 : |a - x| < qla - x|
B4t ddng thuc nay ding véi moi n. Do d¢ 6 :

la = x5| < qla = x4y

la - x| < q]'a - Xp 5|

le - x| < qla - x|

la - x| < qla - x|
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ja - x,] < "la - x| (2.20)

-

Vi x, vd @ da xdc dinh, " >0 khin - dochd 0 < g < 1,
1én v&€ phai — 0 va ta c6 :

| - x,| =0 khin—>

D6 chinh 1a ké&t lusn (2.16) cua dinh li 2.4.

3. Cha thich

Khi ham ¢ da thda man gid thit 3) cia dinh i 2.4 thi sy
théa man gia thi&t 2) phu thudce viéc chon x, vd nd théa man
trong diéu kién sau : Gia st |p’'(x)] € q < 1.

Néu ¢’(x) > O ta cé thé chon x, € [a, b] mot cdch bt ki,
2on néu ¢’(x) < O thi phdi chon x, theo quy téc :

. +b
x0=akhia<a<(ié—-—)-
| (2.21)
. +b
xo=bkhi(i—é—l<a<b

Muén bist a thu¢c nia khodng nao ta chi viéc tinh

+b
:‘Caz ) rdi 8o sdnh dfu cia né vdi ddu cua fl(a).

4. Danh gia sai sd

Gia su ta tinh theo (2.13) (2.14) n l4n va xem x, la gid tri
s8n ding cua . Khi d6 sai s6 |a - x,| c6 thé ddnh gid bing
:ong thuc (2.20) va nhdn xét |a - x,] < b - a:

la - x5 < q"(b - a) (2.22)

Nhung cong thic nay thudng cho sai s6 qua 16n so véi thuyc té.

Sau day ta ching minh modt cong thic ddnh gid sai s6 sat
on, 4p dung dugc cho nhiéu trudng hgp.




Dinh li 2.5. Xét phuong trinn
Fx) =0 (2.23)

26 nghiém X € [c, d] va X la mot s6 € [c, d] duge xem la
gia tri gan ding cia X. Lic d6 ta ¢é :

= FX
X - X]| l——(——)—l (2.24)
m
trong d6 m la mét s6 duong théa mdn :
| F’(x)| 2m>0,c<x<d (2.25)

Ching minh : Theo gia thiét ta c6 FX) =0
nén cd :
FEX) = FX) = FX)
Ap di.mg cong thic Lagrangio (2.18) vao v& phai ta duge :
FX) = PCO)X - X)
tron 1 C=X+6X—X) € (c, d). Theo gia thiét (2.25) tacé:
F@)| = |FOIX - X| = m|X - X]|
Ti d6 ta suy ra két ludn (2.24).

Bay gio ta ap dung (2.24) dé danh gi4 sai s6 cia phuong
phap lap (2.13) (2.14).

V61F(x)=x-<p(x),c=a,d=b

X=oz,~)z=xn

ta thu dugc
lxn - ‘P(xn)‘

m

(2.26)

la — x,] <
trong dé m la mot s6 duong théa maén :
0<m< |(x-¢(x))'|,a<x<b
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[x-px)'] = |l-¢&®| 21-]px| =21-q>0
Mat khac
plxy) - x, = p(x,) - o(x,-))

= p'(e)x, — X,-1)
trong dé6 ¢ = x, | +6(x, - X)) € (a, b).
Do dé : o
lp(xy) = x| = [°@) 1%, ~ %01] < alxp = %4y
Vay (2.26) trd thanh :

q
l1—-q
Day la mot cong thic danh gia sai s6 théng qua nhing dai
lugng vita tinh ra x,_; va x,

la = x| <

1%, — x4 227

5. Thi du

Xét phuong trinh 2.9 & §2.1. Ta d4 ching minh dugc ring
né ¢6 moét nghiém thuc a phan li & trong khodng [1, 2]. Bay
gid ta diing phuong phap lap dé tinh gan ding nghiém « do.
Mudn thé& trudc hét ta phai tim duge ham liap ¢(x) thich hogp
1€ phuong phap lap hoi tu, tdc 1 ¢(x) phai théa min nhing
gid thiét cua dinh i 2.4.

Tu (2.9) ta cd thé viét
x=x>-1 ' (2.28)
va dat px) = x>-1
Nhung lic d6
P’ (x) = 3x* = 3 tai moi x € [1, 2]

V6i ham ¢ chon nhu vdy phuong phap lap khong cd hi vong
161 tu.
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Bay gi¢ ta viét (2.9) & dang :

X =x+1

x = (x+ D
va dat px) = x + 13

Lic d6 ¢’(x) = (%) (x + 1)~2/3 =

Nén

(

1
0 < ¢'(x) 3 tai moi x € [1, 2]

CO

1

) Wix +1)2

(2.29)

Nhu vay ham ¢(x) cho bdi (2.29) théa min gia thiét cua
dinh H 2.4. va cha thich & cong thic (2.21). Do dé dé€ bit d4u
qua trinh tinh lap ta chon x, 12 mét s6 bat ki € [1, 2] ching
han x, = 1. Sau d6 ta tinh x, theo cong thuc lap (2.13). Dudi
day la mo6t s6 gia tri x, xem la gid tri gdn ding cta a cung

v6i sai s6 danh gia theo cong thic (2.27) trong dé q =

Xo = 1

xy = 1,25992105 ; |a - x|

P

i

X3

X4

X5

x, = 1,312293837 ; |a - x,|
1,322353819 ; |a - x4
1,324268745 ; |a - x4|
1,324632625 ; |a - x|

A

A

A

N

<

0,13
0,027
0,005 -
0,00096
0,000182

ol =

Két qua nay cé qud nhiéu chit s6 dang nghi. Ta quy tron
16 dén bén chit s6 1é thap phan bang cach viét :

- Xg + X5 — 1,3246

a - 1,3246 =
la - 1,3246]
|a - 1,3246]
Do d6 |a - 1,3246]

a

N

<

<

la - x5| + |xs - 1,3246|

0,000182 + 0,00003265

0,00025

Vay ¢6  « = 1,3246 + 0,00025

So véi phuong phap chia d6i thi phuong phédp lap & day héi

:u nhanh hon nhiéu.

3 - PPT
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6. Cha y
Trong thuc t& ngudi ta ding qua trinh tinh khi

|x, - X1 | < sai s6 cho phép €.

7. Tém tht phuong phép lap
1) Cho phuong trinh f(x) = 0
2) An dinh sai s6 cho phép £
3) X4c dinh khoang phan li nghiém [a, b]
4) Tim ham lap hoi tu ¢
5) Chon x4p xi dau x,
6) Tinh
Xy = ¢(xpy)
n=1,2-3 ..
cho t6i khi |x, — x| <€
thi ding
7) K&t qua a = X

n

q
‘ 1—q
trong d6 q la s6 duong < 1 théa man

véi sai 86 |a - x,| < £

x| sq<1
tai moi x € (a, b).

§2.4. PHUONG PHAP NIUTON (ti€p tuyén)

1. Md ta phuong phéap

Y chi dao ctia phuong phap Niuton la tim cdch thay phuong
trinh “(2.1), phi tuyén d6i voi x, bing mét phuong trinh gén
dtng, tuyén tinh déi véi x.

Truge hét ta nhic lai cong thdéc Taylo : Céng thic Taylo.
Cho ham s6 F(x) xdc dinh va c6 dao ham dén cp n + 1 tai
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X, V& 6 lan can x,. Thé thi cé cong thic sau day goi la khai
trién Taylo bdc n cia F(x) tai x, :

(x —-xo)2
F(x) = F(xy) + (x - xo)F’(x(?) t g Pl + ot
(x ~x5)" (x —x )"
tr PO + - FUE, @30
c = x, +0(x —‘xo), 0<O8<1 (2.31)

Cong thite nay c6 gid tri tai x d lan cdn x,,. Céng thuic (2.31)
mudn ndi rdng ¢ la moét s6 trung gian giita x, va X.

B4y gio xét phuong trinh (2.1) v6i gia thi€t nd cd nghiém
thuc a phan li & trong khodng {a, b]. Gia sit.-ham f ¢ dao ham
f(x) # O tai x € [a, b] dao ham cfp hai f’(x) tai x € (a, b).
Ta chon x, € [a, b] réi viét khai trién Taylo bac nhédt cia f
tai x, :

1
fx) = £(x,) + x = xx)f' (%) + 5{x - xHf’(c)

x € [a, b], c = x, +A(x - x;) € (a, b).
Nhu vay phuong trinh (2.1) viét :
f(x,) + (x - x )f (x,) + % x - x)H"@) = 0
Ta bd qua s6 hang cubi cung va dugc phuong trinh
f(x,) + (x - x )f (x)) = 0 (2.32)
Nhu vay, ta dd thay phuong trinh (2.1) bdng phuong trinh

(2.32) don gian hon nhidu vi (2.32) tuyén tinh déi véi x.
Duong nhién viéc thay th€ d6 chi la gan ding. Goi x| la
nghiém cta (2.32) ta co :
f(xo)

° 7 fixy) |

X, = X (2.33)
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Tu x, ta tinh mot cach tuong tu ra X5, V.v... vi mb6t cach
ng quat, khi da biét x, ta tinh x,,, theo cong thic :

f(xp)
xn+l = Xn - m (234)
x, chon trudc € [a, b) (2.35)

- Xem X, la gid tri gan ding cia nghiém c.

Phuong phap tinh X, theo (2.34) (2.35) goi la phuong phap
iuton.

Chu y 1 - Vi phuong trinh (2.32) dung dé€ thay cho phuong
inh (2.1) 12 tuyén tinh d6i v6i x nén phuong phdp Niton cing
i 1a phuong phdp tuyén tinh héa.

Chi y 2 - Nhin (2.34) (2.35) ta thay phuong phép Niton
udc loai phuong phdp lap véi ham lap

px) = x — :((i)) (2.36)

Chii y 3 - V& mat hinh hec thi f(x.) 1a hé s6 gdc cua tiep
yén cta d6 thi ham y = f(x) tai X, Xét mét trudng hop
| thé.

Ta vé d6 thi trong hinh 2-6. Cung d6 thi AB cit truc hoanh
1 M cd hoanh d¢ chinh la nghiém «. D€ tinh gin ding a ta
ay mét c4ch gan ding cung AB b6i tiép tuyén tai B, B c6
anh dé x, ti6p tuyén nay cét

uc hoanh tai P, P c¢d hoanh Fy
) Xy va ta xem x; la gid tri 8
in ding cta a. '
b€ tinh x; ta viét phuong ]
inh tiép tuyén tai B : véi I
, = b tacé : o M, !

Y - f(xg) = £xy) (X - x,) /i/‘ 7 4z
Tai P taco X =x,, Y = 0, ~
in co :

~f(x,) = FPx)(x; - xp) Hinh 2-6



Tu d6 ta suy ra (2.33). Cho nén phuong phdp Niuton con
cd tén la phuwong phdp ti€p tuyén.

2. Su hdi tu va sai sé

Muc dich cta ta 1a tinh gan ding a. Diéu d6 chi c6 thé thue
hién dugc bang phuong phap Niuton néu x, - a. Khi n —» .
Ta c¢é k3t qua (khéng chdng minh) sau :

Dinh li 2.6. Gid su [a, b] la khodng phan li nghiém a cia
phuong trinh (2.1), f ¢ dao ham ', " véi f va  lién tuc trén
[a,bl, £ va £ khong d6i ddu trong (a, b). Xdp xi ddu x, chon 1a
a hay b sao cho f(x,) cung ddu véi . Khi dé x, tinh boi (2.34)
(2.35) hoi tu vé a khi n — o«, cu thé hon ta c6 x, don diéu
tang toi a néu £'f” < 0, x,, don diéu gidm téi a néu £’ > 0.

Dung lai ¢ budc tinh thd n xac dinh, ta duge x, va xem x,
la gid tri gin dung cua a.

Vé sai s6, ap dung dinh 1 2.5, ta ¢ :

Hxp) |
la - %,] € — (2.37)
m
véi O0<m=< |f®], as<sx<b (2.38)

Ta khéng ching minh dinh li 2.6, nhung minh hoa né bang
bén hinh vé (h. 2-7 a, b, ¢, d).

Ly y T g
|
|
|

A
,E\xz Xy b

|

|

i

!
T/xz X, bx

| a =4 \ | L
"N\
a -3 :
|
|
4 1
. |
8
Hinh 2-7a Hinh 2-7b
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Hinh 2-7c¢ Hinh 2-7d

3. Thi duy

1) Hay tinh can bac hai duong cia mot s6 duong a. Muon
1€ ta xét phuong trinh

fx) =x*-a=0 (2.39)

R6 rang nghiém duong cia phuong trinh (2.39) phan li &
'ong khodng [1, 3] chdng han. Trong khoang dé f(x) = 2x > 0,
(x) = 2 > 0. Vay ta cé thé 4p dung dinh li 2.6. Céng thuc
nh (2.34) viét : '

1 a
xn_H = § <Xn + ;—n‘> (240)
Véi a = 2 ta ¢d

f(2) = 22 - 2 > 0 cung dfu véi f nén ta chon x, = 2. Véi
o &y cong thic tinh (2.40) cho

Xy = 1,5
%y = 1,417
x3 = 1,41421

Vi V2 = 1,414213562, nén ta thiy ro phuong phap Niuton
0i tu rdt nhanh.
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2) Lai xét phuong trinh (2.9). Ta da chding minh duge
né c¢6 nghiém thuc « phan li &6 trong khoang [1, 2]. Trong
khoang dé

Px) =38x*-128-1=2>0
P’ x) =6x=26>0

Vay cd thé 4p dung dinh li 2.6. D€ chon x, ta tinh
£(2) = 2> ~2 -1 =5 > 0 cung ddu véi f.

Vay chon x, = 2. Do dJ ¢d cébng thitc tinh

3

Xn

-x, -1
X = X -

n+l1 n
3xr2]—1

Xo = 2

Sau day 1a mot s6 ké&t qua tinh x, kém theo sai s6 tinh
theo (2.37) :

Bdng 2.1
n X, saf s§
0 2
1 1,545454545
2 1,359614916
3 1,325801345
4 1,324719049 0,0000024
5 1,324717950 210710
4. Cha y

Trong thuc t& thudng ngudi ta ding qué trinh tinh khi :

|x, — x,—;| < sai s6 cho phép €.

5. So d6 tom tét phuong phap tiép tuyén
1) Cho phuong trinh f(x) = 0
2) An dinh sai s6 cho phép ¢

3) Tim khoang phan li nghiém ([a, b] trong d6 f* va f”’ khéng
déi d4u.

4) Chon x, ﬁ)o‘k)(o) C(J«—;’ M’ 4;,()"1)
¢
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)
Tinh
f(x,)
R TN
L
Tinh e = |x; - x|
e /l\ - S
e < £ »—— Thay x, = x,
Két qua : a = x;
Sai s6
- H(x )
la - x| < p-
ong dd :

0<ms< |[fX)], x€Iab).

§2.5. PHUONG PHAP DAY CUNG

1. MO ta phuong phédp

Trong phuong phdp Niuton tdc 1a phuong phdp ti€p tuyén &
4. Ta da thay cung d6 thi AB cia ham y = f(x) bdi tiép
lyén vé tai A hay B. Bay gio ta thay cung AB bdi d@y cung
B r6i 14y hoanh d¢ x; cta giao di€m P cia ddy cung véi truc
>anh lam gié tri gdn dung cia nghiém a (hinh 2-8).

b
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Phuong trinh day cung

AB viét :
Y-fla X-a Y
fo)—f(a)  b-a 5

Tai giao difm P ta c6
Y = 0,X = x;, nén cd :

|
|
—fa) X2 o 7 :

f(b) —f(a) ~ b-a . ot ‘; -
Tid do suy ra : E/
___(b-af@ '

X, = a-— f(b) ) (2.41) A

hay Hinh 2-8
_ af(b) —bf(a)

xl = - f(b) — f(a) (242)

Phuong phap tinh x, nhu vay goi 1a phuong phdép déy cung.

Sau khi tinh dugc x; ta cé thé xét xem khodng phan li
nghiém mdi la [a, x;] hay [x;, b] r6i ti€p tuc 4p dung phuong
phap day cung vao khoang phan li nghiém méi, nhé hon khoang
cli. Va cd thé ti€p tuc ta s& duge cdc gia tri x,, x5, ..., Xg .-
ngay cang gin «. Sai s6 cé thé tinh bing cong thic (2 24)

2. Thi du

Lai xét phuong trinh (2.9). Khoang phan li nghiém da biét
la [1, 2].

Ta c6 :
a=1; fla=f=13-1-1=-1<0
b=2; fb)=£2)=2>-2-1=5>0
Vay (2.42) cho :
. 1.5-2(-1) .

Tiép tuc ta cd :

f(x;) = -0,58 < 0
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Vay khoang phan li nghiém méi la [1,167 ; 2]
Bay gio 4p dung (2.42) v6i a = 1,167 va b = 2
Ta dugce :

x, = 1,253.

Sai s6 tinh theo (2.24) 1a 0,15

Ta thdy rang phuong phap day cung hoi tu cham hon phuong
phap Niuton.

3. So dd tom tit phuong phap day cung
1) Cho phuong trinh f(x) = 0O
2) An dinh sai s§ cho phép &

3) Tim khoang phan li nghiém [a, b]

4)
. _ af(b) - bf(a)
Tinh x, = fb) = f(a)
, |
b o S
f(x,) f(a%
Thay b = x, Thay a = x,

Tinh e = b - a

B s

{e<t

A

SN
£/

Két qua : a « X,
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[£(x,) |
m
trong d6 0 < m < |[f'(x)], x € (a, b)

Sai s6 |a - x| <

BAI TAP
1. Gidi gan ding phuong trinh :
x - sinx = 0,25
bang phuong phap lap véi két qua cd hai chit s6 18 thap phan
ddng tin.
2. Dung phuong phdp Niuton tinh nghiém duong cla
phuong trinh :
1,8%% - sin10x = 0
vai sai s6 tuyét d6i khong qué 107°.

3. Dung phuong phap Niuton tinh gian dung nghiém cla cic
phuong trinh sau v6i sai s6 tuyét d6i khong qua 107°

a)xz-—sinnx=0 b)xz—cosnx=0

1
c)210gx—%+1=0 d) logx - — = 0

xl-
e)xlogx - 12 =0

4. Dung phuong phap lap hay tinh gin ding nghiém duong
l6n nh4t cia phuong trinh :

x> - x - 1000 = 0
vi sai s6 tuyét d6i khong qua 107°

Tra loi
1. 1,17

2. a = 0,29810 + 0,00001
3. a) 0,0 ; 0,78724. b) - 0,43843 ; 0,43843. c) 0,39754.

d) 1,89665. e) 2,74065
4. 10,03333.
43
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Chuong 3

TiNH GAN DUNG NGHIEM
CUA MOT HE DAl sO TUYEN TiNH

§3.1. MO DAU

1. Dang t8ng quéat cua mét hé dai s& tuyén tinh

Mot hé dai s6 tuyén tinh cd thé c6 m phuong trinh n an.
(3 day ta chi xét nhitng hé cd n phuong trinh n &n :

a;x; tapgx, to.o Xy = f,

a,,x, + a,x, + ..t a = f.
21%1 22%2 2r%n 2 (3.1)

agX; + apX; + .. tagx, = fn

trong d6 : ay la hé s6 cua &n x; & phuong trinh thi i, f, la vé
phai cua phuong trinh thd i. Gia st da biét a; va f; ta phai
tim cac 4n x;

Ma tran

aq) 312 -+ 2n
ayy a .. a

A = 21 22 2n (3‘2)
a5 ap2 -+ 2nn

goi 1a ma trén hé s6 cua hé (3.1). Cac vectd :

fy Xy
f x . LeoaT .

f=12 x= 12 (3.3)
fn xn
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1uge goi la vecto v& phai va vects dn cta hé. Sau nay dé€ ti&t
kiém gidy, thay cho cach viét trén ta cd th& viét.

f=(, 6, .. 07 x = (x, x5 ., X7

Bi6t rang tich cia ma tran A vdi vectd x, viét 1a Ax, 12 médt
rectd c6 toa d¢ thu i la :

n
(Ax)i = Zl aUXJ N
j=

D6 chinh la v& trai cta phuong trinh thd i cua hé (3.1).
Vay hé (3.1), ¢ thé viét & dang vecto nhu sau :
Ax = f (8.4

2. Sy tén tai va duy nh&t nghiém cua hé

Goi dinh thidc clia ma tran A 1a dinh thdc cta hé, viét la
A: A = det (A). Neu A = 0 ta ndi ma trén A suy bién va hé
(3.1), tdc 1a (3.4) 1a suy bién.

Goi A; la dinh thdc suy tit A bang cach thay cot thd i bdi
26t v&€ phai. Ta ¢d dinh li sau :

Pinh Il 3.1. (Crame) : Néu A = 0 tic la néu hé khong suy
hién thi hé (3.1) ¢6 nghiém duy nhét cho bdi cong thic

A,

X = 7, i=1,2 .,n (3.5)

3. Chu thich

Két qua nay rit gon va rit dep vé mit li thuyét nhung tinh
nghiém bang cong thiuc (3.5) rdt ddt nghia la m&t rdt nhiéu
*6ng, s6 cac phép tinh so cdp (+, -, X, : ) cln thiét 14 vao cd
(n + 1) 'n. Ki hiéu s6 d6 1a N(n) ta c6 :

Nen) = (n+1) In

Véi n = 15 ta c6 No(15) = 3.10'*. Day 1a mot s6 rdt ion.
Sau day ta trinh biay mot phuong phap khédc tiét kiém dugc
cong tinh r4t nhiéu. D la phuong phap Gaoxo.
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$3.2. PHUONG PHAP GAOXO (GAUSS)

1. Phuong phédp Gaoxo

Phuong phap Gaoxo dung cich khu dan cic dn d€ dua hé
ta cho vé mot hé cd dang tam gide trén roi gidi hé tam giac
¥y tu dudi len trén, khong phdi tink mot dinh thic nao.

Liy mét thi du don gian : xét hé
2%, +x, =1
4x; + 6x, = 3
Khu x, khéi phuong trinh thit hai ta dugc
2x) +x, =1
4x, = 1
Hé nay cd dang tam gisc. Gidi nd tir dudi lén ta duc.

x, = 0,25

pa

X1

(1 - x,)/2 = 0,375

Ta thdy rdng bai todn cing khd don gian. Nhung néu hé c6
thiéu phuong trinh nhiéu 4n thi vin dé tré nén phuc ta; &
thiéu.

Dé trinh bay phuong phap Gaoxd cho dé hi€u ta chi xét he
om 3 phuong trinh 3 &n d€ suy ra cdc cong thic tinh, cac
0ng thic nay suy rong duge cho trudng hop n phuong trinh
1 4n.

Xét he :
apX) tapx; tapx; = ay (3.6a)
231X + anx, + ajx, = ay, (3.6b)
a31x; + agpx; + ayxy = a,, (3.6¢c)



He tam gidc ma ta mong mudn cé dang :
X, + byxy + bysxy = by |
X + byx3 = Dy (3.7
x3 = by

Céc s6 hang & v& phai ta viét la a, va b,; la c6t dé viét
.4c cong thic sau nay tién loi.

Qu4 trinh khi d€ dua hé (3.6) vé dang (3.7) goi 12 qud trinh
u6i ; quéa trinh giai hé (3.7) goi 1a qua trinh ngugc.

2. Qua trinh xudi

Buée 1 : Khu x,. Gia st aj; & (3.6a) = 0 ta goi né la tru
hi nhGt va chia phuong trinh (3.6a) cho a;), ta dude.

x; + allx, +affx; = aff 4(3.8)
afl) = 2oj=234 (3.9)

Ta dung (3.8) d€ khi x; khéi céac phuong trinh (3.6b) va
3.6c). D& khi x, khéi (3.6b), ta nhan (3.8) véi a,; (hé s6 cua
, & (3.6b) :

ayx, + ayaiyx; + ayaifxs = ayafy

R6i 1y phuong trinh (3.6b) tri phuong trinh nay ta duge :
alx, + aldxs = ay ' (3.10)
afd) = ay — ayaf) , j=2 34 (3.11)

D& khit x, khéi (3.6c) ta cing lam tuong tu :
Nhan (3.8) v6i a;, (hé s6 cia x; & (3.6¢))

ayx; + 531339"2 + a31aﬁl3)x3 = 33135?
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4

16i ldy (3.6c) tru phuong trinh nay :

alYx, + alPx,

agi) = ay

- 33135}) 1.j = 2’ 37 4

- o)

(3.12)

(3.13)

Dén day hai phuong trinh (3.10) va (3.12) khong chia x; nita.

aSiz)xz + a§9x3

alyx, + alfx,

- o)
- o

Ching tao thanh mo¢t hé gém hai phuong trinh hai &n x, va

, tde la cé s6 an it di
p lai viéc lam trén dé

mét so véi 4n s6 cia hé ban dau. Ta
khu x, khoi (3.12).

Bude 2 : Khir x,. Gia st a8l & (3.10) = 0, ta goi né la ;-

wt hai va chia (3.10) cho aglz)
afy

al) = al)/al), j = 34

x, + a%)x3 = 3.1

(3.15)

Nhan (3.14) véi af) & (3.12) (he s6 cia x, & (3.12))
aldx, + afPalfxs = affal)

Liy (3.12) trd phuong trinh nay :

alxy = aff

a?') = ag}) - ag?ag), j=34

(3.16)

(3.17)

Phuong trinh (3.16) khong c6 x, nita.
Buée 3 (buéc cubi cung d6i v4i hé 3 4n)

Gia st a{) ¢ (3.16) = 0. Ta chia (3.16) cho a{} :
X3 = ag?'
afy = oYl

(3.18)

(3.19)

F17: 11



Bay gio ta ghép cac phuong trinh (3.8) (3.14) va (3.18) lai
ta s& dugc hé tam giac dang (3.7) :

x; + affx, + afYx; = aff (3-20a)
x, + agza)x:; = a&? (3.20b)
X3 = afy (3.200)

3. Qua trinh nguogc
Giai hé tam giac.

T (3.20c) ta cd xi, thay x5 fy vao (3.20b) ta ¢S x,, réi thay
X3, X, 8y vao (3.20a) ta cd x, :

X3 = ag?
x, = afd — af¥x, (3.21)
X .= aﬁ? - aﬁ?xz - a@xs |

Vay la hé (3.6) da giai xong.

4. Thi du

Xét he 2x; +4x, + 3xy = 4 (3.22a)
3x; +x, - 2x3=-2 (3.22b)
4x) + 11xy) + Tx3 = 7 (3.22¢)

a) Qud trinh xudbi

Buée 1 : Khit x;. Chia (3.22a) cho a;; = 2 (hé s8 = 0 cua
x; 6 (3.22a)) :

x| + 2%, + 1,5%; = 2 (3.23)
Nhan (3.23) v6i 3 (hé s6 cta x; & (3.22b)) r6i trit khéi (3.22b).

—5X2 - 6,5X3 = -8 (324)
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Nhan (3.23) v6i 4 (hé s6 cia x, & (3.22¢)) r6i trit khéi (3.22¢)
3%y + x5 = 1 (3.25)

Ta dugc hé 2 phuong trinh 2 4n x,;, x5 : (3.24) (3.25).

Buée 2 : Khit x, khdi (3.25). Chia (3.24) cho -5 (hé s6 = 0
a x, ¢ 3.24) :

x, + 1,3x; = 1,6 (3.26)
Nhan (3.26) v6i 3 (he s6 clia x, & (3.25)) 16i trit khéi (3.25) :
-2,9%; = -5,8 (3.27)

Buée 3 (bubc cubi cung cia qua trinh xuéi) :
Chia (3.27) cho (-2,9) (hé s6 # cia x3 ¢ dd) :

X3 = 2 , (37
Ghép cac phuong trinh (3.23) (3.26) (3.28) lai :
Xy +2x, + 1,5x3 = 2
x, +1,3x3 = 1,6 oo
Xy = 2

Vay xong qué trinh xu6i.
b) Qué trinh ngugc : Gidi hé tam gidc (3.23) (3.26) (3.28)

Vay nghiém cua hé la
x;=1;% =-1;%x=2
Qu4 trinh tinh todn & trén c6 thé€ ghi tém tat vao bang 3.1
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Bdng 3.1

, Hé s8 clia x, | Hé sd cia x, | Hé s8 clia x, V€ phai Phwong trinh

4 3 4 (3.22a)
1 -2 -2 (3.22b)
11 7 7 (3.22¢)
1 2 1,5 2 (3.23)
-5 -65 -8 (3.24)
3 1 1 (3.25)
1,3 16 (3.26)
-29 -58 Y1)
1 2 (3.28)

1 -1

1 1

5. Chon try t&8i dai
Trong quéd trinh xubi cia phuong phédp Gaoxo ta da phai gia
thit a,, = 0, al}) = 0, a{) = 0. Néu mot trong céc hé s6 d¢

bing khéng thi qud trinh tinh khong ti€p tuc duge. Lic d6 ta
phai thay d8i cdch tinh. Gia sit khi khit x; ta gip a;; = O thi
ta nhin céc hé s6 a,;, a;; cia x; & cdc phuang trinh & dudi,
néu cé cdi nao khac khéong ta cd thé 14y né thay cho vai tro
cia a;; bing cdch hodn vi hai phuong trinh. Néu ca ba hé¢ s6
a;;, 85, a3, déu bing khong thi h¢ da cho suy bién. Ta chu y
thém rang khi chia cho mot s6 thi sai s6 tinh todn cang bé khi
86 chia cd trj tuyét d6i cang 16n. Vi viy d€ han ch& b6t sai s6
tinh todn ta chon trong céc s6 a;;, ay;, 83 86 c6 tri tuyét d6i
16n nh4t lam tru thd nhdt goi 1a tru t6i dai thi nhdt d€ khu
x,. Khi khi x, va x5 ta ciing lam tuong ty. Sau day ta tinh
theo céch lam d6 trén thi du da xét & trén (xem bang 3.2).
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H¢ sd cia x, H¢ s8 cua x, Hé s6 ctia x; V& phéi
2 4 3 4
3 1 -2 -2
4 11 7 7
4 11 7 i
3 1 -2 -2
2 4 3 4
1 2,75 1,75 1,75
~-7,25 -7.25 -7,25
-1,5 -0,5 0.5
-
1 i 1 '
1 2
1
-1
1 i
J
Chi y 1a khi khit x; vi 4 = max {|2], |3]|, |4|} nén ta

fa hoan vi dong thd nh&t v6i dong thd ba & bang trén trudc
thi lam cdc dong tdc d€ khi x.

6. Cha y
Céach nhé cdc cong thdc tinh a-(~k) Xét cdc cong thic (3.11)

a (3.9). Ching cho phép tinh agl) theo a;. Dat a) ai(JO) céc
6ng thic d6 cho :
o of?
1 0 :
afy) = af)) - 0 , =234

Mot céch tuong tu, cdc cong thic (3.13) va (3.9) cho :
a§) af)

afp

af) = af) - ,j=2234

———  cmas A 3
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Hai cong thic nay cé thé viét chung thanh mét :

1 0 a(O) ﬁ))
al’) = al) - PO i=23

2, 3,4

Il

J
Vi tri cia céc phdn td & vé& trai siap x6p thanh mot hinh
chit nhat :
0 0
agl) a&-)

O
Hinh chit nhat nay cé dinh trén bén trai la ag(i) (tru thud
nhat) dinh duéi bén phai la a{?) (d6 la phan tit cin bien d6i
thanh a{).
Sau khi da xdc dinh duge hinh chit nhat trén thi céng thic
tinh a%l) da viét & trén phat bi€u thanh 18i nhu sau :

a;; (mdi) bing a;; (cd), tri tich cha a;; (ci) nhan véi ay; (ca)
chia cho a;; (cd) ; hay 12 phén t& (méi) ndm & géc dudi bén
phai bang phan ti (ci) ndm & gdc dudi bén phai trit tich cha
phan tli (ci) ndm & géc dudi bén trai nhan véi phdn td (cd)
ndm & goc trén bén phai chia cho phdn t& (cd) ndm & gdc trén
bén trai (tdc la phdn td try cd).

Quy tic nay goi 1a quy tic hinh chit nhat. NJ giup ta dé
nhd cach tinh ai(jl).

Cach tinh agjz) dua vao (3.17) va (3.15) thong qua alﬁjl) cing
cé th€ nhé theo quy tdc tuong tu :

’ af) afy)
af) af))
D _ g - 2
o) = af) - D
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Quy tdc hinh chét nhat cd thé giip ta dé nhd cich tinh
%k) theo ai(jk_l) nhu sau :

£ oD
a&—l) ai(jk—l)

(k=1) o(k=1)
a® = oD _ S
1j 1j alkD)

7. Khéi lugng tinh va céng thirc tinh d6i voi mdt hé n an

Phuong phdp Gaoxd cé thé 4p dung cho mét hé dai s6 tuycn
inh gém n phuong trinh n &n.

56 cac phép tinh +, -, x, : phai lam d€ gidi mot hé n phuon:
rinh n 4n la

6i n = 15 thl Ng(15) = 2570. S§ nay it hon rft nhiéu so véi
{c(15) (xem muc 3 §3.1).

Céc cOng thdic tinh cho mot hé n phuong trinh n &n phuc
ap, ta chl nhdc ring ching vdn c¢6 dang (3.8) (3.10) (3.12)

.v... nhung gid tri cubi cung cta j d (3.9) (3.11) (3.13) v.v .
hadi la n + 1.

8. So d6 tém t&t phuong phdp Gaoxo
Xét hé n phuong trinh n &n
apx; tapx, +..+ax, =b ‘
ayx; +ayx,+.. +a;x, =b,

....................................................



Khi 4p dung thudng ngudi ta si dung phuong phdp Gaoxo
¢S chon tru t6i dai. Cho nén sau day sé trinh b8y so d6 tom

tat phuong phdp Gaoxo cd chon tru t6i dai.
Qué trinh xubi :
Véi k 1an lugt 1a 1, 2, .., n - 1

tim r dé€

701 = max{ 1afi1, JafR . o 1),
Néu aﬁ‘:l) = 0 thi diung qué trinh tinh va théng bso :
suy bién néu al(,i—l) # 0 thi d6i ché ag‘_l) véi ag—l i =k, .

bE™D vei b
Tinh
(k-1) (k-1)
a® = gk-n _ Pk %y 7
1j 1j afkD

i=k+1,k+2 ...,n
j=k+1,k+2 ..n
Sau qué trinh xuéi ta dugc he tam gidc trén

aﬁ'l'_l)xl + aS'z‘_l X + ..+ a&’l,’,—l)xn = bg"_l)

agz‘_l)xz + ...+ a:—l)xn = bS -

-1 -1
(rrll )xn = bg‘ )
ma ta viét lai gon hon bidng c4ch bé cac chl s6 trén thanh :

N n—1%¥n-1 *+ Xy = Cn-1

hée

., D
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5 = ™D, ¢ = b D
Do dé ta c6
Qud trinh nguoc :
Néu I, = O thi ding qud trinh tinh va théng béo
uy bién :
&u I, # O thi tinh
X, = ¢yl

X1 = €1~ lne1n X lnoy 0ot
xp = (e = lipXy = oo = iy xp Py

9. Chu thich
Phuong phép Gaoxo cing cho phép tinh dinh th:
an, véi dinh thidc cdp 3, ta ¢6 theo muc 2 §3.2 :
a;; 353 a3
8 3 A3 | = aua@a@
43) azp a3
cu thé, theo thi du ¢ 4 §3.2
2 4 3
3 1 -2 =2(5).(-29) = 29.
4 11 7

: hé

Phuong phap Gaoxd ciing cho phép tinh ma tran nghich dao,

wng ching ta khéng trinh bdy & ddy.

§3.3. PHUONG PHAP LAP DON

1. Md ta phuong phéap

Phuong phap Gaoxa thuéc loai phuong phdp ding, tic la
fu cdc phép tinh so cdp lam ding hoan toan thi cu6i cung

»
)




ta dugc nghiém ding cha hé. Ngudi ta con ndi né thudc loai
phuong phdp truc tiép. Ngoai ra con moét loai phuong phdp khéc
goi la phuorng phdp ldp.'é ddy ta'chi ndi so vé phuang phép
lgp don.

Xét hé (3.1) da viét ¢ dang vecto (xem cong thic 3.4) :
Ax = f (3.29)
Ta chuyén hé nay vé mét hé twong duong cd dang
| x=Bx+g (3.30)

trong d6 ma tran B suy tit A con vecto g suy tit f cdch nao
46, gid st :

bll b12 [Ny b
g - P2t P2 - b2

Sau dd ta xay dung cong thic #nh lgp

x(M = Bx(MD 4 ¢ (3.31)
-x cho truse (3.32)
trong dc :
n
(Bx); = ) by, (3.33)

i=1

Phuong phép tinh x(™ theo (3.31) (3.32) goi 1a phuong phép
lgp don. Ma tran B goi 12 ma tran lap.

2. Sy hdi ty

Dinh nghia 3.1. Gid st a = (a,, ay, .., ay) | la nghiém cia
h¢ (3.30) (tic la cia he (3.29)). Néu

xi(m) — o khim -, i =12 .,n thi ta néi phuong

phép lap (3.31) (3.32) hoi tu.
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Dinh nghia 3.2 - Cho vecto
Z =2, Ly o Zp)'
hi méi dai lugng sau
NZllo := max{|Z;]}
NZIly == 12y + 1Z5] + . + |Z4]
WZl, = @2 + 22 + .. + 2D

goi 12 mot dé dai md rong cia vecto Z, ngudi ta con goi no la
chuédn cua Z.

Chiing c¢6 tinh ch4t giéng nhu do dai thong thudng cia mot
doan thing, hay tri tuyét d6i cha mot s6 thuc :

V6i p = 0 hay 1 hay 2 ta déu cd

D fzllp, = 0, lzllp, = 0 ez = vecto khong

2) Izll, = 1] llzlly, 4 1a mot s6 thye

3 lu + v, < lull, + v,

H¢ qud - Néu phuong phap lap (3.31) (3.32) hoi tu khi va
chi khi :

Ix™ - alf, — 0 khi m — o (3.34)

D6i v6i ma trén vuéng B = (b;) ta dinh nghia chuén cua
na tran B :

o
IBll, := maxz b1

=1

n
maxz byl

ji=1

Chuén ||B|| : p = 0,1, théa man ba tinh chét giéng ba tinh
‘hét chuin cua vecto :

D |IBl, = 0, IBll, =0 <> B la ma tran khong;
2) |kBli, = [k| Bl k la mot s6 thyc; '
3) [B+Cli, < IIBllp+ICllp C 1a ma tran cing cép véi B.

1Bl :



Ngoal ra con uinn coat nu wu o

4) ||BZ || ||B|| ”Z“p, Z 1a vecto cd s6 chiéu béng cip
cua B.
Dinh li 3.2 - Néu

IBjl, < 1 (3.35)

thi phuong phép lap (3.31) (3.32) hoi tu véi bat ki x4p xi déiu
x(®) nao, déng thdi sai s§ cé danh gia

B
(m) _ NP oy (m) _ (m1)
x all, < x x (3.36)
|| Io < =BT ! I,
IBlp
(m) .. Py () _ (O
|x allp < 1""B||p | x X l|p (3.37

trong dé :
p = 0né&u|Bfj, <1
p=1n&|Bf, <1
Ching minh: Vi a 12 nghiém cia hé (3.29) tdc la hé
(3.30) nén:

a=Ba+tg
L4y (3.31) tru ding thuc nay v& véi v€ ta duge :

xX™ - g = Bx(™™ D - q)
Do do :

1x™ - a|l, = BE™™ —a)|l,< IBlpIx™ D - «ll,
Vay c6 :

1™ - alf, < |BlIx™ D - all, (*)

=D — afl, < |Bl,IIx™ 2 - all,

1xX® - a ||, < IBll, 1x® -« |,
IxX® - all, < 1Bl I - all,
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Nhan céc b4t ding thdic nay v& véi v€ va gidn u6c cdc thanh
hén giéng nhau & hai bén ta dugc :

X ~all, < IBI,"Ix? - all,
Cho m —w thi vi 0 < ||BJ|, < 1 theo gia thiét nén ||B||g' —0.
lo do :
%™ - allp—0 khim —
DG chinh 1a (3.34). Vay phuong phap lap (3.31) va (3.32) hoéi tu.
p
Bay gio xét cdc ddnh gid sai s6. Ta cd :
x(m—l) —a = (x(m— b _ x(m)) + (x(m) - a)
Ta suy ra :
1D = allp < ™ = <O, + 1x™ —a
Do dd bdt ddng thic (*) cho :
1= - alip < 1Bl {1x™ = <Dy + 5™ =}
Vay cd :
(A =B 1x™ - alj, < IBI|, =™ - =™ D,

Vi theo gid thiét cua dinh Ili IBllp, < 1, nén 1 - ||B|, > 0.
a suy ra :
IBIl,

(m) _ < — F
X [24 =
| ”p 1_”B||p

R i

.

Do la danh gid (3.36)
Bay gio tu (3.31) ta cé e .
x™ = Bx(™ 1) 4 g T

D = Bx(™2) 4 g

Tri hai didng thic nay v& véi v& ta duge : A

x(™ — (™) = Bx(™D - x(m2))



Do ds :

=™ - =D = I BETD -
Vay :

™ — =D < B, fx ™D - 1D
Ta suy dén ra :

1™~ xD) < B jx® - x O
Thay vao vé&€ trai cta (3.36) ta dugc (3.37).
3. Thi du
Xét he

4X1 + 0,24X2 - 0,08X3
0,09x; + 3x, - 0,15x4
0,04x1 = 0,08}(2 + 4X3 20

Gidi. Hé nay cé dang (3.29). Ta phai dua né vé dang (3.30)
sao cho diéu kién hoi tu (3.35) dugc théa man. TU ba phuong
trinh ctia hé (3.38) ta rit ra

x; = - 0,06x, + 0,02x5 + 2
x, = - 0,03x, + 0,055 + 3

(3.38)

x3 = - 0,01x, + 0,02x, + 5
Vay c6 x = Bx + g
Vaéi
0 -0,06 0,02 2
B=1(-003 0 0,05 g= 13
-0,01 0,02 0 5

D€ ki€m tra diéu kién (3.35) ta tinh :

3
> [bj;| = 0+ 0,06 + 0,02 = 0,08

i=1

3
> Ibyl = 0,08 + 6 +0,05 = 0,08
j=1
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> Ibgl = 0,01 +0,02+0 = 0,03
j=1

Do d6 ||B|l, = max {0,08 ; 0,08 ; 0,03} = 0,08 < 1
Vay theo dinh li 3.2 phuong phdp lap don

x(M = Bx(M D 4 ¢

61 tu véi moi x©@ chon truéc. Ta chon x® = (O,O,O)T. K&t gu:a
inh ghi thanh bang 3.3

Bdng 3.3
m 0 1 2 3
m
"g ) 2 1.92 1.9094
™ 3 3.19 3.1944
™) -5 5.04 5.0446 5.04485
3 .

D€ danh gida sai s6 ta tinh :

1x® - x®)||, = max {|xi(4) -—xl(s)”, i=12 3

max {0,00017 ; 0,00055 ; 0,00025}
0,00055

Ap dung cong thic (3.36) v6i p = O ta thu duoc :

0,08
“4) _ R Al
JIx all,< 1=0,08 0,00055 < 0,00005
Vay c6 a; = 1,90923 + 0,00005

3,19495 + 0,00005

a2
a3 = 5,04485 + 0,00005
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4. So db tom tat phuong phéap lap don

1) Cho hé phuong trinh tuyén tinh Ax = b.

2) An dinh sai s6 cho phép ¢, £ > 0.

3) Dua hé Ax = b vé hé tuong duong
x=Bx+g

Sao cho diéu kién (3.35) thoéa man.

4) Chon x(©) (tuy y).

5) Tinh )
(™D = Bx(™ 4+ ¢
m=201,2, ..

Cho tdi khi

I - XD <

hi diing qu4 trinh tinh.

K&t qua:
Véi sai s6 ; .
1B
(m) _ L
X afl .. € )
" "n 1 —"B"p

. §3.4. PHU LUC 2 .
VE MOT HE DAI SO TUYEN TINH KHONG ON DINH

Bay gid ta néu mot hién tuong dac biét ding cha y khi giai
8n ding mot hé phuong trinh dai s6 tuyén tinh.
Xét hai hé cu thé :
x + 2y =2
2x + 39y = 2

(3.39)
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x + 2y = 2

2x + 4,1y = 2
Nghiém cta hé (3.39) la x
Nghiém cta hé (3.40) la x

]

(340 "

- 38y = 20
42.5 = - 20

Ta thdy rdng hai hé (3.39) va (3.40) chi khdc nhau & moét
hé s6 3,9 va 4,1 véi |4,1 - 3,9] = 0,2, nhung nghiém cua ching

khac nhau kha xa :

Ix - x|

Ix -yl

|42 - (- 38)| = 80
|- 20 - 20| = 40

Hién tugng "sai mot li di mot ddm“A nay goi la hién tugng
khong én dinh trong tinh toan . Ngudi 1am tinh cn phai “ist

dé dé phong

BAl TAP

hé

1. Dung phuong ph4ap Gaoxo giai
2,75x; + 1,78x, + 1,11x5 = 13,62
3,28x; + 0,71x, + 1,15x4 = 17,98
1,15x, + 2,70x, + 3,58x; = 39,72

tinh t6i ba chit s6 1é thap phan.
2. Dang phuong phap Gauxo gidi
a) 3,2x, - 1,6x, + 0,5x5 = 0,90

cdc hé

1’6xl + 2,5x2 - l’O‘X3 =
1,0x, + 4,1x, - 1,5x; =

b) 1,5%, - 0,2x, + 0,1x,

- 0,1x; + 1,5%, - 0,1x5
- 0’3Xl + O,2XZ - 0,5X3

1,55
2,08

=04

= 0,8
= 0,2

Céc phép tinh 14y dén 5 chi s6 1é¢ thap phan.
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3. Giai hé sau day bang phuong phap lap don, tinh lap ba
l&n va cho biét sai s6 :

1,02x; - 0,05x, - 0,10x5 = 0,795
- 0,11x, + 1,03x, - 0,05x; = 0,849
- 0,11x, - 0,12x, + 1,04x, = 1,398

4. Giai he
24,21}(1 + 2.42X2 + 3,85){3 = 30,24
2,31x, + 31,49x, + 1,52x5 = 40,95

3,49x, + 4,85x, + 28,72x, = 42,81
bing phuong phap lap don cho t8i khi
%™ - <Dy, < 1074

va danh gid sai s6

Tra 1oi :
Lox; = 1,642 ; x, = - 2,789 ; x5 = 12,672
2.a)x =05;x=13; x5 =25

b) x; = 0,36540 ; x, = 0,63053 ; x5 = - 0,40649 |
3. x; = 0980 ; x, = 1,004 ; x; = 1,563

v6i sai s6 tuyét d6i nhé hon 1,1.10"> néu chon x&p xi déu
x©@ = (0,80 ; 0,85 ; 1,40)

4. x; = 09444 ; x, = 1,1743 ; x, = 1,1775
véi sai s6 theo chusin ||.||, bé hon 0,5 . 1074,
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Chuwong 4

NOI SUY VA PHUONG PHAP
BINH PHUONG BE NHAT

§4.1. NOI SUY DA THI]C’:
PA THUC LAGRANGIO VA PA THUC NIUTON

1. Vin dé& ndi suy

Trong thuc t& nhiéu khi phai phuc héi mot ham so . - |
noi gid tri cua x trén doan a < x < b ma chi bidt nit =6
itu han gid tri cda ham s6 tai m6t s8 hitu han cac diém roi
ac ctia doan d¢. Cac gid tri d6 duge cung cdp qua thuc nghiém
ay tinh todn. Vay ndy sinh mét viAn dé toan hoc sau :

Trén doan a < x < b cho mét luéi cdc di€m chia (di€m ‘1%4
Wt) x, i =0, 1,2, .., n: i

a <€ Xy, Xy, Xy ., X, Sb

4 tai cdc nit x; cho gid tri cia ham s6 y = f(x) la y; = f(x,),
=0, 1, 2, .., n viét thanh bang 4-1 :

i

Bdng 4.1

X ’ % v X X R *h—1 Xn
vl % Y, Y, Yoot y,,

Hay xay dung moét da thic bac n:

P =ax"+ax" !+ . +a_x+a,



Sao cho p,(x) tring vdi f(x) tai c4c nut x; nghia la:
Px) =y,i=0,1,..,n (4.1)

Da thidc p,(x) goi la da tha#e néi suy cia ham f(x). Ta chon
da thdic d€ n6i suy ham f(x) vi da thidc la loai ham don gidn,
ludn ¢6 dao ham, va nguyén ham, viéc tinh gid tri céag don
gian : Ta cd

Pa(x) = (..(agx + a))x + ay)..)x + a,
Do d6 c6 so db Hoocne tinh gia tri p,(c) :

bO = a, bl = boc + a,, b2 = blc + ag, ..

by =byjct+a, =pye) (4.2)

2. Su duy nhét cua da thirc ndi suy

Dinh Ui 4.1 Da thuc néi suy p,(x) cia ham s6 f(x) dinh nghia
O trén néu c6 thi chi c6 mét ma thoi.

Chung minh. Gid st cd hai da thdc p,(x) va q,(x) cung noi
suy m6t ham s6 f(x). Lic d6 :
pn(xi) =Y qn(xi) =Y
Vay hiéu p,(x) - q,(x) 12 mét da thdic cd bac < n lai triét
tiéu tai n + 1 gia tri khdc nhau x;, i = 0, 1, .., n
(vi pn(xi) - qn(xi) =Y ¥ = 0).
Do dé p,(x) - q,(x) phai déng nh4t khéng, nghia la p,(x) = q,(x).

Da thic néi suy cd thé xdy dung nhiéu cach, nhung vi né
cé tinh duy nh&t, nén t&t cd cédc dang clia né déu cé thé quy
vé& nhau duge.

3. Da thirc ndi suy Lagrangio (Lagrage)

Sau day ta xay dung da thidc ndi suy theo b'kié’u Lagrangio.
Goi li(x) la :

L) = (x—%g) . (x =% _ DE =X 49 . (X —%p)

' (% = %g) o (% =% - )(Xi ~X;41) - (X ~Xp)
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R6 rang I;(x) 12 mot da thuc bac n va :

11 j=i
Lix;) 0 j=i 4.3)
Ta goi nd la da thidc Lagrangio co ban.
Bay gis xét bi€u thuc
n
Pa® = X ¥ L) (4.4)
i=0

Ta thély p,(x) vita 1a mot da thdic n (vi cdc Li(x) déu b !
ic bac n) via théa man (4.1) :

pn(xj) =Y
(vi céc 1i(x) théa man (4.3)). Vay p,(x) xdc dinh thic
moét da thdc nédi suy. Ta goi nd 1a da thitc néi suy Log-.

4. NOi suy béc nh&t (hay ndi suy tuyén tinh)
V6i n = 1 ta cd bang

Bdng 4.2
X I Xs X
y l YO )'1
Da thic noéi suy (4.4) sé 1a :
p(x) = yl,(x) + y1,(x) (4.5
X —'xl X —Xo
o S e MO TR,
;. — : + ‘
Dodé: pi(x) =y, g ¥ —

Da thdc p,(x) 1a bdc nhdt d6i v6i x ¢ dang : Ax + B



5. NOi suy béc hai
Véi n = 2 ta cd bang

~ Bdng 4.3

y | Yo Yi Y2

Da thuic noéi suy (4.4) sé la »
P2(X) = Yol +y11(x) + y,lp(x) (4.6)
(x —x)(x —x;)

(%o — %) (o —X7)

1,(x) =

(x —%5)(x —X3)
(x) —x5)(%; —%y)
(x —xx)(x —xp)
(%2 —x)(x2 —xy)

Da thic p,(x) 1a mot da thic bge 2 d6i v6i x cd dang
Ax’ + Bx + C

L) =

lz(x) =

6. Thi du

Cho bang s6 : Bing 4.4
x | 1 2 3 4
y | 17 27,5 76 210,5

Hay lap da thdc noi suy tuong dng.
Gidgi : O day n = 3 nén da thdc noéi suy la moét da thudc
bac 3. Theo (4.4) ta c6 :
x -2)(x = 3)(x — 4)
1-2)1-3)1-49
x-DE-3Hx-4)
@-DE-3)E -4

py(x) = 17.

+27,5 .

69



x = 1)(x ~ 2)(x — 4)
G-1DGB-2)( -4)

x-DHE-2)x - 35
4-1)4-2)4-3)

p3(x) = 8x> - 29x” + 41,5x - 3,5.

+176

+210,5 .

i
i

7. Sai 6 ndi suy va vin dé chon nat ndi suy
Dinh Ui 4.2. Néu ham f(x) lién tuc trén [a, b] va cé trong
, b) dao ham lién tuc dén c¢dp n + 1 thi sai s6 né: suv
(x) = f(x) - p,(x) ¢6 bi€u thic :
7(x)
m+1)!

r,x) = ™) , € € [a, b] 4

mg do :
a(x) = (x = x )x - x1) ... (x - x,) 1

Dinh I nay c6 nghia 1a néu tai mét gia tri xac dinh x € [a, b]
« thay f(x) bdi p,(x) cho don gian thi ta pham mét sai s6 tinh
ing (4.7)

Chii thich. Nhu vay sai s6 n6i suy r,(x) phu thudc da thic
x) tdc la phu thudc su phan b8 cua cac nut x; trén doan

\

Hinh 4-1

Hhigs



Xy, Xpl. Trong trudng hop cac nit cdch déu (hinh 4-1 vé
n = 4) ta thdy |n(x)|, nho khi x & khodng gitia cia x,, x, 16n
dén khi x ra gdn hai mat va cang 16n khi x vot ra ngoai khoang
dé. Ta tu héi liéu cd thé chon cédc nit x;, khéng cach déu sao
cho |z(x)| "bé nhét" dugc khéng ? Cau tra 1oi la khing dinh,

cu th€ 1a véi a = - 1, b = 1 thi cac nut "6 wu" do 1a :
20+ 1 5
X = coS——T 75 (4.9)
i=01.,n

D6 1a cdc nghiém cta da thidc Trébusép.
The (x)= % cos [(n + 1)ar cosx]
Lic d6 ta c6 a(x) = Ty (x) va
1
|7 = |Tp | < o

Cac nut (4.9) thua & khoang giia doan [~ 1, 1] va mau dédn
& gan hai mat - 1, + 1 (hinh 4-2).

Khi a # ~ 1 hoac b # 1 ta dung phép déi bién
¢ = (2x —a —Db)
(b—a)
d€ dua khoang a € x < b vé khoang - 1 < t < 1 r6i chon
cdc nit t; theo (4.9).

71



8. Da thirc Niuton

Bay giv ta xét mét cach khac d€ xay dung da thic ndi suy :
ch cia Niuton. Truéc hét ta dua vao khai niém & hiéu.

Gia st ham y = y(x) cd gia tri la bang 4-1 & muc 1.
hiéu cdp mot cua y tai x;, x; la :
. x] i~y
X, X;] =
Y % (%; —xj)

Ti hiéu cdp hai cha y tai x, x;, ¥ la :
(rlx; xj] —y[xj » X d)
(xi = %) -

y[xirxjyxk]=

V6i y(x) = P,(x) 1a mot da thidc bac n thi ti hiéu cdp =~
| x, x5 12 :

(x = xo)

P.lx, x;] =

mét da thdc bac n - 1, ti hiéu cdp hai tai x, x,, x; la:
Po(x. x,] — P [x5 xi])
x-x)

mot da thdc bac n - 2, .. vA t6i ti hieu cdp n + 1 thi.

P.lx, x,, x/1 =

P.x, x, .., x,)] = 0
T dinh nghia cia cdc ti hiéu ta suy ra :
P (x) = P (x) + (x - x.)P[xx,]
P [x, x,] = Plx, x;] + (x - x))P[x, %, x4]

P Ix, x,, x;]1 = Plx,, x1, 5] + (x = x)Pp[x, x,, %y, %3]

P [x, x5 .., X ) = Plxg, o %51 + & - x)Poix, x5 -y Xp]



Vi Plx, x, .., x,] = 0, tit d6 ta co
Pr(x) = Pp(x) + (x - x)P,[x,, x,] +
+(x - x)(x = x PP [x,, Xp, %] + ...
+(x = %) o (x = xp PPfx,, o x,] (4.10)
Né&u P (x) = pa(x) 12 da thdc nodi suy cda ham y = f(x) thi :
Po(x) = polx) = f(x,) = Yoi=0,1, .. n.

Do d6 cac ti higu tit cdp mét dén cdp n cia P, va cia y &
4.10) 1a trung nhau. Vi vay thay cho (4.10) ta c6 :

Pa(x) =y, + (x - x.)ylx,, x,] + (x - X)) (x - x;)
Txo Xy, X1 + .+ (x - X)X - x9)... :
X = Ry YKy oy %] (4.11)

Da thuc nay goi la da thic Niuton tién xudt phaét tit nit x,
ta ham y = f(x).

Da thuc sau day 1a da thie Niuton lii xudt phét tiz nut x,
ta ham y = f(x)

Pox) = y, + (x - x)ylx,, x,.,]1 +

& = x)x - xp_Dylxy, x0op, X0l + .. +

& - X)X = X y) e & - XKy kg (412)
Chi y ring, theo dinh nghia, cdc ti hiéu cé tinh d6i xdné .

ylxis %51 = ylx;.x;]

ylx;, xj, x] = ylx, X, Xj]
V.v...

Chi thich. Da thic Niuton (4.11) trung véi da thdc
agrangio, nhung b6 tri cach khdc. Theo cich ciia Niuton khi
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hém mét nut x,,, vao ludi néi suy ta chi phai thém vao p,(x)
nét s6 hang

Pn+1(X) = ppix) +
+(x - x5) ... (x - x ))& - x, ) - ylxg o Xp Xpeq]

ma khoéng phai xay dung lai tdt ca cac da thdc co sd nhu cach
lam cta Lagrange.

9. Truéng hop cac nit cach déu
Gia s cdc nit x; cdch déu

X, =x,+ih,i=0,1, .., n
a) Trudc hét ta dua vao khéi niém sai phén tién :
Sai phén tién cdp mot tai i :

Ay; = Yie1 ~ Vi
Sai phan tién clp hai tai i :

A%y = A(AY) = Yisg — 20 *+ Vi

Sai phén tién cp n tai i la :
AR = A"y
Khi d6 ta cé :
A

Yo
Y[XO, X1] = T

Azyo
2h?

yixg xy, X5] =

Ay,
B (n!'h%)

yixg ... x,)

74



Bay gio dat x = x + ht trong da thdc Niuton tién (4.:11) ta duge

t(t — 1)
Pa(x) |x=x oy = Yo T Y, + =5 Ay, + ...
tt—1)..(t—n+1)
+ ~ Ay, (4.13)

goi la da thiuc Niuton tién xudt phét tic x, trong trudng hap
nit cach déu.
Véin =1 ta cd :

pl(X) Ix=x + ht = Yo +tAy0 (4.14)
Véin = 2 ta c6
t(t -1
P2(x) lx=x +m=y0+tAy0+ 9t )Azyo (4.15)

b) Mot céach tuong tu, voi khai niém sai phén lii tai i :

Vyi =y~ ¥i-1
Vi, = V(Vy) = y; - 2yi-1 + iz

vy, = V(V™ly)

ta c6 da thiic noi suy Niuton lii xudt phét tit x, trong truong
hop nit cdch déu :
t(t +1)

2
= + + + ..
pn(x) |x=x,,+ht yn+ttVy, o Vya
tt+1)..(t+n-1
y M2 )y ony (4.16)
10. Thi du
Cho mot s8 gia tri cia ham sin x :
Bdng 4.5
x 0.1 02 0.3 04
sinx 0,09983 0,19867 0,29552 0,38942

Hay tinh gin dung sin (0,14) va sin (0,46)
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Gidi. Dua vao bang cac gia trl da cho cda sinx, ta thay ham
sinx bing mot da thuc ndi suy. Vi cdc nidt x; & day cdch déu
vé6i h = 0,1, nén ta sé ap dung da thdic Niuton. Trudc hét ta
lap bang cdc sai phan :

Bang 4.6
i X sin x Ay Ay Ay
0 0,1 0,09983
: - 9884 .
1 0,2 0,19867 I -199
9685 ~-96
2 0,3 0.29552 -295 =
9390 -
3 04 0,38942 -
i X sinx vy vy vy

a) Tinh : sin(0,14). Vi 0,1 < 0,14 < 0,2 nén ta dung (. ti.uc
Niuton tién (4.13) xudt phat tit x, = 0,1 véi h = 0,1 dya vao
cic sai phan tién di xuéng & bang 4 - 6 (gach dudi mot gach) :

p() | = 0,09983 + .0,00884 +
x=0,1+0.1t
t(t —1)

t—57

0,00199 + W .0,0009¢:
Ung véi x = 0,14 ta ¢ 0,14 = 0,1 + 0,1t, ta suy ra t |
Thay t = 0,4 vao vé phai 6 trén ta tinh dugc:
sin(0,14) =~ p(0,1 + 0,1.0,4) = 0,13954336
Sai s6 tinh theo céng thiuc (4.7). O day n = 3, ta 6 :
Isin™}x)| = [sin®(x)| = [sinx]| <1
ax) = (x - 0,1}x - 0,2)(x - 0,3)(x - 0,4)
|7(0,14)| = |(0,14 - 1)(0,14 - 0,2)(0,14 - 0,3) x
x (0,14 - 0,4)] < 107*
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Vay (4.7) cho :

1074

|sin(0,14) - 0,13954336] < —

< 4,2.10°°

Ta thdy rdng s6 0,13954336 c6 nhiéu chit s6 dang nghi, ta
luy tron né dén 5 chit s6 1é thap phan :

sin(0,14) = 0,13954 + 107°

b) Tinh : sin(0,46). vi 0,46 > 0,4 va & gdn 0,4 nén ta dung
la thic Niuton lui (4.16) xudt phat ti x; = 0,4 dua vao cédc
ai phan lui di lén (gach duéi hai gach & bang 4-6) :

PO |y = 044 o1 = 0,38942 + £.0,09390 +

t(t +1 +1)(t +2

57 0, 3 . 0,00096

Ung véi x = 0,46 ta c6 0,46 = 0,4 + 0,1t ta suy ra t = 0,6.
‘hay t = 0,6 vao v& trdi & trén ta tinh dugc :
sin(0,46) =~ p(0,4 + 0,1.0,6) = 0,4439446
Sai s6 tinh theo cong thic (4.7) nhu & trén :
|sin(0,46) - 0,4439446| < 3,8.107°

Ta quy trdn s6 0,4439446 dén 5 chit s6 1é thap phén :
sin(0,46) = 0,44394 + 5.107°

Chit thich : Ta nhan thdy rdng sai s8 khi tinh sin(0,46) gép
lan sai s6 khi tinh sin(0,14). Li do la 0,46 & ngoai khoang
)1 ; 0,4) cdon 0,14. & trong khoang dd, cho nén khi tinh sin
),46) ta phai "ngoai suy” con khi tinh sin(0,14) ta chi "n¢i suy".
a ¢ thé xem lai muc 7, hinh 4-1 thﬁy réng sai s6 ngoai suy
uayét d6i) 16n vot r&t nhanh.
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?i-“? 3
§4.2. PHUONG PHAP BiINH PHUONG BE NHAT

1. M& dau
Gia st cd hai dai lugng (vat l, héa hoc, ki thuat..) x va y
cd lién hé phu thudc nhau theo mét dang da biét nhu:
l.y=a+hbx

2.y=a+bx+cx2

3.y = a + bcosx + csinx
4.y = ae™ :
5.y = ax®
nhung chua biét céc gid tri cu thé cia cdc tham sé a, b, c.
Mudn xac dinh ching ngudi ta tim cdach cd dugc - biang thi
nghiém, do dac v.v.., mét s6 cap gia tri tuong ung 'x,. ), -
i=12 .,n: _ '.*‘
o Bdng 4.7 M .
X l X, Xy X,

y l Y1 Y2 Yn #

r6i 4p dung phuong phap binh phuong bé nhédt dé xac dinh cac
tham s§

2. Trudng hopy = a + bx
y = a + bx. '
Gia st y phu thuoc x dang y = a -+ bx khi dd
yi—a-bx;=¢,i=12 ..,n
la céc sai s6 tai x;, do d6 : ‘
S = 2(y; - a - bx)? 4.17)

12 tdng cdc binh phuong cta cédc sai s6
3 phu thuéc a va b, con x;, y; da biét.
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Muc dich cia phuong phép binh phuong bé nhdt la xéc dinh
1 va b sao cho S bé nhdt. Nhu vay a va b la nghiém cda he
>huong trinh

N N

=055 =0 (4.18)
dc l1a : .

na + bzxi = zyi

a2x; +bY x¥ = Dy (4.19)

Ti bang 4-7 ta tinh ra cac téng ZXi, Zyi, Exiz, inyi, thay
40 hé (4.19) réi gidi hé dd ta duge a va b.

3. Thi du

Cho biét su phu thudc gitta hai dai lugng x va y cé dang
= a + bx va cho bang s6 liéu :

Bdng 4.8
T -1.1 2.1 32 4.4 5.2
v 0,78 73 92 1.9 133

Hay xac dinh a va b bing phuong phdp binh phuong bé nhat.
Gidi. Trudc hé&t ta lap bang s6 :

. Bdng 4.9
Xi Yi x; X Yi
- 1,1 0,78 1,21 - 0,858
2,1 73 4,41 15,33
n=>5 32 92 10,24 29,44
44 11,9 19,36 5236
5.2 133 27,04 69,16
3 138 42,48 62,26 165,43
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Sau d6 hé phuong trinh (4.19) viét:
5a +13,8b = 42,48

13,8a + 62,26b = 165,432
Giai hé nay ta dugc:

a = 2,9939036
Vay c¢d quan hé :

u

3;b =19935131 = 2

y=3+2x (4.20)

Bay git ta thd tinh céc gia tri méi cia y tai cdc x, theo
(4.20) va so sanh chiing véi cic gia tri y; da cho bdi bang 4-8
(xem bang 4-10).

Bdng 4.10
X -11 2.1 32 4.4 '
e 0.78 73 9.2 119 133 |
y mdi 08 7,2 94 118 13.4

Nhu viy quan hé (4.20) xd4p xi kha t6t bang s6 liéu 4.8

4. Cac dang quan hé khac

Cdc dang phu thudc 2, 3 néu d muc 1 14 nhitng quan hé
tuyén tinh d6i v8i cdc tham s8 a, b, ¢ nén ciing cé thé giai
quyét mot cich tuong tu. Ching han, néu :

y=a+bx+cx2

thi a, b, c la nghiém céa he :
na +byx +cdxr = Dy
aS % +b3 0+ T = Sy,
ayxl +byx +e yx' =Y aly,
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s pemw = va y uu uang 4 nay D ta phai
sién ddi doi chut vi d6 12 nhitng quan hé phi tuyén d6i véi cac
cham s8 a va b.

Gia su :
y=a™a>0 "~
L4y logarit thap phan hai v& ta dugce :
logy = loga + bxloge
Dat : logy = Y, loga = A, bloge = B, x = X

A+ BX

2 ¢0: Y

Day 1a quan hé dang y = a + bx.
Tu bang s6 liéu vé x, y ta suy ra bang s6 lieu vé X, Y vdi
hi y :
X =x, Y = logy

Sau do ap dung ciach lam & muc 2 ta thu dugec A, B réi tu
6 suy a va b. Bay gio gia su :
y=axb,a>0,x>0
L4y logarit hai v& ta dugc :
logy = loga + blogx
Dat : logy Y, loga = A, b = B, logx = X

aco: Y = A+ BX

D6 1a quan hé dang y = a + bx.

Ta lai lam nhu 6 muc 2.

5. So do tom tét phuong phép binh phuong bé nhét

O day chi trinh bay hai trudng hop : Khi cho biét giita x va
6 lien heé:
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y = a + bx va khi cho biét gita x va y cd lién hé y = ae™
Céc trudng hgp khac ban doc tu lam

a) Trudng hop cho biét gita x va y cd lién hé y = a + bx
va bang sé:

X X Xp .. Xp

|
I - T
| Y2 Yn

y

So d6 tom t4t cha phuong phdp nhu sau :
1) Tinh céc téng:

th ZYi’ 2 xi2 ) E XY
2) Giai he:
na + bExi = zyi
a2x; *jbz x? = 2xy,
dé tim raa va b.
3) K&t luén: o
y = a+bx S

véi a, b tinh ra cu thé & 2).

b) Trudng hop cho biét giita x va y cd lién hé:
y= ae™ a > 0

va bang s6 trén.

So d6 tom tAt cua phuong phdp nhu sau :
1) L&y logarit hai v&€ cia y = ae™

logy = loga + xbloge
bat

y = logy, X = x

A = loga, B = bloge
ta dén lién he gita X va Y

Y =A+BX
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2) Chuyén bang s6 giita x va y thanh bang s6' gita X va Y

X' X1=x1 X2=x2 cee Xn——-xn

Y l Y, =logy, Yy=1logy, .. Y,= loig;yn

3) Tinh cac téng: |

X, 2Y;, DX, 2XY,
4) Giai he -

nA + B2X; = XY,

AZXi +Bin2 = EXiY,- dé tim ra A va B
5) Tinh:

a= eA, b = Blloge
6) Két luan:

y = ae™

véi a va b tinh ra cu thé ¢ 5).

BA!l TAP

1. Cho ham 88 y = 2" véi cac gid trj tai x = 3,60 ; 3,55 ;
3,60 ; 3,65 ; 3,70 tudn tu la 33,115 ; 34,813 ; 36,598 ; 38,475 ;
40,477. Hay lap da thdc noi suy Niuton tién xuét phdt tu

nit 3,50. _
2. Tich phan sic xuft;

2 T ¢
¢ = 7 [e " dt
o]
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hong tinh dugc bing nguyén ham. Ngudi ta da tinh gan aung
6 taix =10, 1,1 ; 1,2 ;1,3 ; 14 ; 1,6; 16 ; 1,7 ; 1,8 ;
,9 ; 2,0 dugc cac gia tri x4p xi tuan ty la 0,8427 ; 0,8802 ;
,9103 ; 0,9340 ; 0,9523 ; 0,9661 ; 0,9763 ; 0,9838 ; 0,9891 ;
19928 ; 0,9953 ;

Hay tinh ¢(1,43).

8. Cho ham s y = €* tai x = 0,65 (0,1) 1,15 tudn tu 1a
,91554 ; 2,11700 ; 2,33965 ; 2,58571 ; 2,85765 ; 3,15819. Hay
inh In2.

4. Bi6t rang dai lugng y la mot tam thic béc hai eta x va
ai x = 0,78 ; 1,66 ; 2,34 ; 3,12 ; 3,81 cac gid tri cha y tuan
ula25; 1,20 ; 1,12 ; 2,25 ; 4,28. Hay lap coéng thic y bicu
lién qua x.

Tra l0i

1. p3® |y = 350 + 0050 = 33,115 + 1,698t +
+0,0435 t (t - 1) + 0,00083t(t - 1)(t - 2)-

2. ¢(1,43) = 0,95686.

3. In2 = 0,693148.

4.y = 5,045 - 4,043x + 1,009x>

i
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Chuong 5
TiINH GAN DUNG PAO HAM
VA TiCH PHAN XAC DINH

$5.1 TINH GAN PUNG PAO HAM

1. Ap dung da thuc ndi suy

Dé& tinh gin ding dao ham cia ham f(x) tai x tdc la £(x)
ta c6 thé thay ham f(x) bidng da thdc noi suy p(x) réi tinh dao

ham cua da thic ndi suy : p’(x), 1y p’(x) lam gia tri gdn ding
cua f'(x).

Thi du : Xét ham s6 cho bdi bang 4-4 & muc 6 §4.1. Ta da
tim ra da thdc néi suy cia nd la :

p3(x) = 8x> - 29x* + 41,5x - 3,5
Vay = f(x) = p’3(x) = 24x? - 58x + 41,5.

2. Ap dung céng thirc Taylo

Theo cong thdc Taylo (xem co6ng thidc 2-30), ta cd :
h2

f(x'+ h) = f(x) + hf'(x) + 37 f’(c)

c=x+6h 0<68 <1

Khi |h| bé thi s6 hang cudi ¢ v&€ phai rdt bé, ta c6 thé béd
qua va ¢6 :

f(x + h) - f(x) = hf(x) (5.1)
Vay 6 : @) = f—(x—iw - (6.2)
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Thi dy : Xét ham sinx cho bdi bang 4.5 & muc 10 §4.1. Ap
ing cdng thic (5.2) ta cé tai x = 0,2

0,29552 - 0,19867
0,1

(Sinx),lx = 0,2 = = 0,09685

§5.2. TINH GAN DUNG TICH PHAN XAC DINH

1. Md dau
Xét tich phan xic dinh:

b
I = [fx)dx

Néu f(x) lién tuc trén [a, b] va ¢6 nguyén ham la Fix :hi
ing thdc Niuton - Lépnit cho @

b
[ f(x)dx = F(b) — F(a)

Nhung néu khéng tim dugc nguyén ham cua f(x) ¢ dang so
fp thi tich phan I phai tinh gén ding. Sau day ta sé trinh
Ay hai cong thic tinh gén dung tich phan I dva trén tu tudng
1ay ham f(x) bing moét da thdc ndi suy.

2. Cong thirc hinh thang

Ta chia [a, b] thanh n doan con bang nhau bdi cic di€m
hia xi :

a=x,<X <.<X,;<x,=Db

—a+ih, n=0"2
n

ol
!

Dat y; = f(x)).

-
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b Xy X, X,
Ta cd :  [fdx= ffdx+ [ fdx+.. + [ fdx (5.3)
a % X % -1 .
Dé€ tinh méi tich phan ¢ v& phai ta thay ham f(x) bing mét
da thdc n6i suy bac nhdt p,(x), (xem céc cong thic 4.5 va
4.14). Véi tich phan thd nhdt ta cd :

f f(x)dx = f p;(x)dx

X X

o 0

D8i bién x = x,+ ht thi dx = hdt, dng x, la t = 0, dng
x;lat =1, nén 6 :

X, I 2
{p (x)dx=hf(yo+tAy0)dt=h(yot +-t§Ayo) l::)
o

Xo

- h[yor+%Ayo] = hy"‘,?l _

yo+y1
2

X
Vay c6 : ff(x)dx =h
X

V& mat hinh hoc diéu d6 c¢d nghia la : thay dién tich hinh
thang cong x,M M;x, béi dién tich hinh thang thudng x .M Mx,
¢hinh 5-1).

T A

Hinh 5-1

[



D6i vai tich phan tha i + 1 ta ¢ :

X+ yi+yi+l
[ fx)dx = h =3
x‘,

Vay céng thic (5-3) cho :

b
h

ff(x)dx=—2-[(yo ty) +Hyty)+ o+ p-1 + y0)l

a

ghia 1a :
b
I= [fx)ydx = Iy véi
a
Yo t¥n
I; =h [—o—é— +y +y, + o +yn_,] L (5.
he &2
n J

Cong thic nay goi 12 cong thic hinh thang

3. Danh gia sai s6
Ngudi ta ching minh duge

M ,
I1- It < 35 h%b -a),

(5.5)
M = max|{f’(x)|,a €« x € b
4. Thi du
Hay tinh gin dung :
1
1= [ (5.6)

2
ol +x

Gidi. Ta da bi6t gia tri ding cua tich phan nay la n/4. Do
5 néu bi&t s6 x thi co :

I = 0,78539816...



Bay gio ta tinh gdn ding I bing c6ng thidc hinh thang réi
so sanh két qua.

Chia doan [0, 1] thanh n = 10 doan con bing nhau, h = 0,1 ;
ta tinh ra bang 5.1

Bdng 5.1

x [((x) = /(1 + X)
0.0 1,0000000 = y,_
0.1 09900990 = y,
0.2 0.9615385 =y,
03 0.9174312 =y,
0.4 0.8620690 =y,
0.5 0,8000000 = y,
0.6 0,7352941 =y,
0,7 0.6711409 = y,
08 0,6097561 = y,
0.9 0,5524862 = y,
1.0 0.5000000 = v,,

Ap dung c6ng thic hinh thang (5.4) ta duge :
I = 0,7849815 v6i sai s6 tuong d6i 0,054%.

5. So d6 tém tit cong thirc hinh thang
Phuong én 1 : Cho truéc s6 khoang chia n

b
1) Xét tich phan I = [ f(x)dx;
a

2) An dinh s8 khoang chia n;
3) Chia [a, b] thanh n phé&n bing nhau:
Tinh: '

M
|

i“a+ih;i=01 17 ey Mg
Yi = f(xi), i= 0, l, [RPT + I
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4) Tinh:

Yoty
Ir=h| ~ n+y1+...+yn_l]
5) Két qua:

véi sai s8 tinh bdi (5.5)
Phuong dén 2 : cho trudc sai sé

b
1) Xét tich phan I = [ f(x)dx
a

2) An dinh sai s6 cho phép ¢

3) Dung cong thdc (5.5) d€ xac dinh s6 khoang chia n sao
10 sai s6 bé thua sai s6 cho phép.

4) Tinh nhu 3) cia phuong an 1
5) Tinh I} nhu 4) & phuong 4n 1
6) K&t qua:

pisaisd |I-Iy] <¢

6. Cong thirc Simxon (Simpson)
Ta chia [a, b] thanh 2n doan con bang nhau bdi cdc di€m
hia x; :

a=x0<xl x2<...<x2n=b

b :
xi=a+ih,h=(2na), i=01, ., 2n
Gia st y; = f(x;). Ta cd :
b X X, Xon
Jfx)dx = [ fdx + [ fdx + ... + [ fdx (5.7)
a Xs X Xm -2
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D€ tinh méi tich phan & v& phai ta thay f(x), bing da thic

noi suy bac hai p,(x), xem céng thuc (4.6) va (4.15). Véi tich
phan thd nh4t ta c6 :

X

0

[ 1090x ~ [ po(ryax

3]

Déi bién x = x, + ht thi dx = hdt, ing x, la t = 0, #ng
x,lat =2 Dods :

Spmdx=n [, +tAy, + 1¢t

X,

-1)
5 A%y )dt

2 3 2 _
“hlr gy (577) ]
=h[2y0+2Ayo+—21- (—g———;-)Azyo]

h
= §(y0 + 4y, +y,).

X, h
Vay ¢6 : [ f(x)dx ~ 3 (o t4y1 +y2)
X

Déi véi céc tich phan sau ta cing c6 mét cach tuong tu
Xhi+2

J =30+ 441 +y240)

Xy

Cong lai, cong thic (5.7) cho :
b

N N
J fxydx = 3oty +y) +(ay dys +ya) + .
a

+ 2n-2 + 4¥2n-1 + ¥2p))
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b
Vay c6 : I = ff(x)dx = Ig voi

a
h
Is = 300ty +40 +y3+ .+ ) +

+ 2y, ty, + ...+ Yon-2)1

b —
h=2) (5.8
2n
Cong thuc nay goi 1a cong thic Simxon.
7. Dénh gis sai 86
Ngudi ta ching minh dugc :
h4
I-Ig| M-z =(b-a
oIl < Mygg ®=2) (5.9)

M= maxlfw(x)l, a<x=x<b

8. Thi du

Xét tich phan (5.6) 6 muc 4. Vi bang 5-1 da tinh, & do ta
¢ th€ 4p dung cong thuc Simxon vi 10 = 2.5. Ta dugc :

I = 0,78539815 véi sai s6 tuong déi 0,000002 %

D6i chi6u v6i két qua cho bdi cong thic hinh thang ta thdy
6t qua nay chinh x4c hon nhiéu .

9. So d6 tom tét céng thic Simxon
Phuong én 1 : cho truéc s6 khoang chia 2n

b
1) Xét tich phan I = f f(x)dx
a

2) An dinh s6 khoang chia 2n
3) Chia [a, b] thanh 2n phdn bing nhau.
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b-a

2n
i a+ih,i=0, 1, ceny 2n
yi=fx),i=0,1, .., 2n

Tinh: h =

Lo
I

4) Tinh:
Ig = 73}1 (Vo + yon) + 40y, + ... + Yon1) +
2y + oty )
5) Két qua:
I = Ig

Véi sai s6 tinh bai cong thic (5.9)
Phuong én 2 : cho trudc sai s§

b
1) Xét tich phan I = [ f(x)dx
a

2) An dinh sai s6 cho phép ¢

3) Dung cong thic (5.9) d€ xic dinh s6 khoang chia 2n sao
cho sai s6 bé thua sai s6 cho phép

4) Lam nhu & 3) cua phuong 4n 1
5) Tinh Ig nhu & 4) cta phuong an 1
6) Két qua:

I= I

véi sai s6 |I - I5| < &.

BAI TAp
1. Cho ham s8 y = logx v6i s6 céc gia tri tai x = 50 ; 85

60 ; 65 tudn tu la 1,6990 ; 1,7404 ; 1,7782 ; 1,8129. Hay tinh
dao ham cta y tai x = 50 vaA so sdnh vdi két qua tinh truc tiép.
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2. Cho tich phan:
1

dx

L= f 1+x
[o]

Hay chia doan [0, 1] thanh n = 10 doan con bang nhau réi
nh gin ding I va cho d4nh gid sai s6 bing :

a) Cong thic hinh thang ; b) bing coéng thiuc Simxon.
3. Cho tich phan :

1.
I=[ 2" i
(o]

1) Hoéi phai chia doan {0,1] thanh m&y (n = ?) doan con
fng nhau dé khi tinh I bing co6ng thuic hinh thang bao dam
'Ugc sai s6 (tuyét d6i) < 3.1074

2) Véi n 4y khi tinh theo cOng thdc Simxon thi sai s6 la
ao nhiéu ?

3) Hay tinh I v6i n d4 chon & trén bing cong thdc hinh
hang va cong thic Simxon dén 6 chit s6 1& thap phan.

Tra i
1. Dung néi suy : y’(50) = 0,0087
0,4 .
Tinh truc ti€p : y’(50) = 0,43429 .= 0,0087
X x=50

2. I = 0,69315 + 0,00002

3. n 2 10
V6i n = 10 thi sai 8§ < 1,2.1077
Theo cong thic hinh thang : 1 = 0,9458
Theo cébng thuc Siqun tacs: I = 0,946082.



Chuwong 6
TINH GAN BUNG NGHIEM CUA .
BAI TOAN COSI pOI VOI
PHUONG TRINH VI PHAN THUONG

$6.1. PHAT BIEU BAI TOAN

1. Nhén xét md déu
Xét ching han phuong trinh vi phan thuong cip mot :

y o=2x+1 (6.1)
R6 rang nghiém t6ng quét cia no la
y=x>+x+C (6.2)

phu thudéc mot hing s6 tuy y C, mbi gia tri cu th€ cia C cho
mé6t nghiém cu thé. D€ c6 mot nghiém xac dinh (phdn 4nh mot
tinh huéng cu thé) ta phai xdc dinh dugc gid tri tuong dng
cia C. Mudn th& ngoai phuong trinh (6.1) ta phai thém moét
diéu kién phu, chidng han

Ham s6 (6.2) phai théa man diéu kién (6.3) ta suy ra
2=12+1+C

do d6 C = 0. Vay ham s6 y(x) viia théa méan phuong trinh

(6.1) vila théa man diu kién (6.3) 1a y = x* + x.
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Diéu kién (6.3) goi 12 diu Kien UOS1 wnay uicu nuves cop -
1) cia bai todn va bai toan (6.1) (6.3) tdc la bai todn tim
n s6 y(x) via théa man phuong trinh vi phan (6.1) vita théa
n diéu kién (6.3) goi 1a bai toan Coési (hay bai toan tri ban
u) d6i véi phuong trinh vi phan (6.1)

2. Phat bi6u bai toan Cési d6i voi mot phuong trinh vi
14n cip mot

Cho khodng [x,, XJ]. Tim ham s6 y = y(x) xdc dinh trén

o XJ] va théa mdn

y=1xy,x,sx<X (6.4)
yxo) =1 (6.5)

ong dé f(x, y) la mét ham s6 da biét cua hai d6i s& x, y. con
la moét sd thuc cho truée. Diéu klén (6.5) goi la didu iicn
5si hay diéu kién tri ban ddu.

Thi du 1 : Bai toan (6.1) (6.3) e mERL
2 T £ ,
y=y-= PR T (66
y Ce - Lo
y(0) =1 R X )

3. V&n dé tinh gdn dang nghiém

Viéc tim nghiém cha bai todn Coési thudng riat phudc tap,
hong phai lic ndo cing don gidn nhu thi du & muc 1.
'ho nén ngudi ta phai nghién cdu cac phuong phap tinh
4n ding. Sau diy ta sé& trinh bay mot s6 phuong phép véi gid
hiét 1a :

"Bai toan ddt ra ¢é6 nghiém duy nhdt va nghiém dé du tron,
ghia la né ¢6 dao ham dén cdp di cao" (6.8)




$6.2. PHUONG PHAP CHUOI TAYLO

1. Md tad phuong phéap

- Xét bai todn Cési (6.4) (6,5) viét lai la
y = f(x, y), X, €£x <X (6.9)
yixg) =1 (6.10)

Ta tim nghiém y(x) khai tri€n thanh chuéi Taylo tai x = x
xem chubi Tylo & sach gido khoa vé giai tich) :

(o]

y'(xy) e
yx) = yx,) + T (x—x,) +T (x—x)" +..

y(k) (XO) k
+ T——(x —%) F. (6.11)

Bay gio ta tinh cac dao ham y®*)(x,) cia y tai x,. Theo (6.10)
a1 ¢d y(x,) = 7. Sau dd theo (6.9) :
Y(xy) = flxg, y(x)) = dx,, ) (6.12)

Muén tinh céc‘dao ham tiép theo ta phai 14y dao ham lién
8p (6.9). V6i y”’ ta c6 :

yn . (y’)’ = (f(x), y(x)))
of of ,
=5 x,yx) + ™ %, y(x)) - y'(x) (6.13)

Thay x = x, vao (6.13) va cha y dén (6.12) va (6.10) ta
Igc :

N of of
Y (xe) = 5 (%65 7) +@(Xo”2)-f(xo”2)

Mot cach tuong ty, d€ tinh y’’’(x,) trudc hét ta phdi ldy dao
im (6.13), sau dé thay x = x,. Va cd thé& ti€p tuc.
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Vé nguyén téc, néu f c6 dao ham riéng cip bat k1 tm cu
thé tinh dugc tdt ca cac dao ham y™(x ) va do d6 ta xay dung
dugc chubi (6.11).

Vé6i x kha gén x,. tuc la |x - x,| d4 bé ngudi ta ching minh
duge rang chudi (6.11) hoi tu vé nghiém cia bai toin (6.9)
(6.10). Liic dé tong cia n s6 hang déu cia (6.11) tdc la téng
riéng thd n, S (x) cia chubi (6.11), la nghiém xdp xi cia bai
todn (6.9) (6.10), mic d6 chinh xac phu thudc n, nd cang cao
néu n cang lén

2. Thi du
Xét bai toan

» _ Y 4
y(l) = 2 (6.1

Gidi : Ta tim nghiém c6 dang chubi Taylo (6.11). Theo (6.15)
ta c6 x, = 1, y(xo) = y(1) = 2. -

Ta suy ra :
2

y(h =133

_2
=3

Sau dé ldy dao ham (6.14) :

v = ( y >,=(x tyy —yxty) _ xy -y
xry (x +y)* & +y)?

Ta suy ra:

o Lem-2_ -4

(1+2? = 27

"

4
Mot cach tuong tu ta tinh duge y'’’(1) = 57 ViV Thay céc
két qua do vao (6.11) ta duge.
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y(x)=2f%—(x-—1) (x—l) + (x-—l) +..

Bay gio ta cd th€ dung c6ng thic nay dé€ tinh gdn ding y(x)
tai x = 1,1 chdng han, vi |1,1 - 1| = 0,1 bé nén ta bd qua
cic s6 hang... 6 cubi va thu dugc :

2
y(,1) = 2+%.0,1 (0 1)? + T (0,1)° ~ 2,06584

3

§6.3. PHUONG PHAP OLE

1. M¢ dau

Phuong phap chubi Taylo thudc loai phuong phdp gidi tich
téc 1a tim nghiém duéi dang moét chubi. Con phuong phap Ole
thudc loai phuong phdp s6 tic 1a tim nghiém duéi dang bang sé.

Truéc hét ta chia doan [x, X] thanh n doan nhé bing nhau
bdi cdc di€m x; :

X, =x,+ih,i=0,1, .., n . (6.16)
X - Xo)

h=— (6.17)
n

Ta goi tap cdc di€m {x;} la mét luéi sai phan trén [x, X],
30i cac di€m x; la céc niut cla lu6i va goi h la bude di cua
wéi. O day h = const nén ta c¢é mot ludi du

Gia st y(x) la nghiém ddng cua bai toan (6.9) (6.10). Muc
1ich ciia phuong phép Ole la tim cdch tinh gdn ding gid tri
'ia y(x) chi tai cde nit x; ma théi, chi khéng phdi tai moi
t € [x,, X]. VI x; 12 nit cha mot ludi sai phan nén phuong
>hap Ole cing goi 12 phuong phép sai phén.

2. X&y dung cong thuc tinh
Goi y(x) 1a nghiém caa bai toan (6.9) (6.10)
y(x;) 14 gia tri cia y(x;) tai x = x
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wp Ave B VAl /UL UULUE VUG y\aj/ lua va LILUWVIL LilLIL. DYau uu_y wa

x4y dung cong thdc tinh u;.

Gia st da bigt u; tai nit x; va muén tinh u;,, tai nat x;,,.
Ta khai tri€n Taylo ham y(x) tai x; (xem cong thdc (2 - 30))
va

’ . y))(cl) 2
Cy(x) = yx) +y'(x)x - x) + 57 ® X))
¢ =x+t0x-x),0<08 <1
Thay x = x,,; = x; + h, Y&) = f(x;, y;)
(theo 6.9) vao déng thiuc trén ta dugc:
h2
yv(x;, 1) = y(x;) + hf(x;, y(x;)) + —2-y” () (6.18)
Khi h bé, s6 hang cubi ¢ v& phai cd thé xem la bé, khaong
ddng ké&, ta bd qua, sau d6 thay y(x;) bing u; ta dudc cong thic:
ui+1 = ui + hif(xi, ui) (619)

Céng thdc nay cho phép tinh u;,, khi da biét u;. Diéu kién
Cosi (6.10), y(x,) = 7, goi y ta dat

u, =7 16 20)
Bay gio dung (6.19) cho i = 0 ta tinh ra u,, sau d¢ cho’

i = 1 ta tinh ra u,, v.v.., cubi ciung ta tinh ra tdt ca cic v,
i=1, 2 .., n

Phuong phép tinh u; theo céc cong thic (6.19) (6.20) goi Ty
phuong phép Ole.

Ta thdy rang, v6i phuong phap Ole viéc tinh ra u;,, khi da
biét u; rdt don gian, khong phai gidi mét phuong trinh nao du

ham f(x, y) 12 tuyén tinh hay phi tuyén d6i yGi . V6i ¥ d6 ta
néi phuong phép Ole 1a phuong phdp hi L "{
(] A e .
2 RS 3o
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3. Su hdi tu va sai s§
Ta goi e; = y; - y(x;) ' (6.21)
la sai s§ cia phuong phap Ole tai x;.

Dinh nghia 6.1. Néu tai x; xae dinh, ¢; — 0 khi h — 0 sge
o u; — y(x;) khi b — 0 thi ta néi phuong phép Ole hoi ty.

Khi phuong phap Ole hei tu thi tai xu; s¢ di gan y(x;) néu
t du bé, nén w; la gid tri gan ding cia y(x,).

D& xét su hoi tu d6 ta cg dinh 1 6.1 & dusi.

Dinh Ui 6.1. Gid si-:

| %I <L 6.22)

Iy’ < K (6.23)

rong dé L, K la nhing hdng sé. Khi dé phuong phép Ole hoi
L va sai 56 ¢ = u; - y(x;) ¢6 danh gid:

leil = lu; - y(x)| < M(Je,| + ah)

euxl _xo)’ a =

o =

M

(6.24)

Nhu vay, sai s6 €; tai x; phu thuéc ca sai s6 ban ddu e,
Ching minh. L8y (6.19) tri (6.18) v& véi v& ta duge
_ h?
€ = € + h[f(xi, lli) - f(xi, y(xl))] - _2—'y”(ci)

Ap dung cdng thic Lagrangio (xem cong thic 2.18) vao hieu
rong ddu ngodc vudng;

of _ _
f(x;, “j) - f(x,, y(x;) = g (x;, yi(y; - y(x;))
¥i = y(x) +6(y; - y(x,)), 0 < 6 < 1
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i 14y tri tuyét d6i cta hai v€ ta thu dugc:
af h?
feseal < leil +h | oo leil +5 1yl

Tu do voi gid thigt (6.22) (6.23) ta suy ra:
A=1L,B = (K2h® (6.26)

B4t didng thdc nay ding véi moi i, né cho qdan hé giita e;
va e, ;. Do d¢ ta c6 thé suy ra danh gi4 cia |e;| nhd b8 dé sau :

Bé dé& 6.1. Gid su e; la nhing dai luong phu thuéc i va thoa
man (6.25) trong dé A va B la cc héng s6é khéng phu thuéc i.
Thé thi cé:

B

Ab)
M = AKX (6.28)

Ta sé ching minh bd dé 6.1 sau. Bay git ap dung bd dé
nay vao (6.25) (6.26) ta dudc ngay dianh gia (6.24).

le,] < M ( le,| + (6.27)

édﬁy:eozuo—y(xo)=q—q=0
Vay (6.24) cho

le;] = |y - y&xp| < Mah (6.29)
Do dé e; = u; - y(x;) = 0 khi h = 0.

X

Va dinh i 6.1 ching minh xong
Ching minh b8 d¥ 6.1. B&t ddng thic (6.25) ding voi moi

i, ta suy ra:
lejl < (1+Ab) |e,|

lej-1] < (1 + Ah) |e;_,]
lei-2] < (1 +Ah)|e;;|
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_ Nhan bat ding thic thd nhdt véi (1 + Ah), bat ding thdc
thd hai véi (1 + Ah)%, v.v., bdt ding thiéc cubi cing véi
(1 + Ah)"™!, r6i cong lai ta dugc :

le;] < (1+Ah)'|e,| + B[l + (1 + Ah) + (1 + Ah)* +
+ (1 + Ah)™ Y

Trong d4u ngodc vudng 12 mét cdp sé nhéan coéng bdi (1 + Ah),
nén co :
(1 +Ah)i -1
(1 +Ah) -1

Vi (1 + Ah) < ¢*" nén (1 + Ah)' < €, nhung ih = x; - x
do dod :

le;] < (1 +Ah)e,| +B (6.30)

o

(1 + Ah)! < A% 7%) = M.
Tai x; xac dinh, v€ phai nay 12 mét hang s6. Vay tu (6.30)
ta suy ra k&t luan cta b3 dé.

4. Quy u6c viét o(h*)

Ching ta rdt hay giap nhitng dai luong ¢(h) phu thuéc h va
— 0 khi h — 0. Néu ton tai mé¢t hdng s6 duong M; khéng phu
thuoc h sao cho

lph)| < Mjh*; k > 0 (6.31)
thi ta viét p(h) = O(h®) (6.32)
Ta cing ndi p(h) 1a mét v6 ciang bé cd ¢ O(hY).

Ap dung quy ubc d6 ta cé thé vist sai s6 e; cia phuong
phap Ole (xem 6.29) nhu sau:

e = u; - yx;) = 0(h)

5. Thi du A

Xét bai todn cu thé:
y:y_gy’i 0<x<1 (6.33)
¥y =1 . (6.30)
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Oday fix, y) = y - — ;

X, =0;X=1;97=1
Bai todn nay cé nghiém ding tinh duge la y = V2x +1
Xét ludi:
x; =ih; h=1n
Cdc cobng thic tinh sé la:
2x,

u,; =u +h (ui——l;il).

u, =1

Két qua tinh véi n = 10 ghi thanh bang 6.1.

Bdng 6.1
i X; Nghiém giin v, Nghiém ding y(x,)
0 0,0 1, 1.
1 0,1 1.1 1.095445
2 0,2 1,191818 1.183216
3 0.3 1.277438 1.264911
4 0.4 1,358213 1.341641
5 0.5 1,435133 1414214
6 0.6 1,508966 1.483240
7 0,7 1,580338 1.549193
8 0,8 1.649783 1,612452
9 0,9 1,717779 1.673320
10 1,0 1,784771 1.732051

6. MOt cach danh gia sai sd thiét thuc

Céng thuc (6.24) cho mot cach danh gid sai s6 nhung lai
hoéng qua nhitng dai lugng L, K chi biét 1a t6n tai ma khong
16t dugc gi4 tri cu thé, nén ddnh gia dé khong thiét thyc. Bay
S ta xét mot cach danh gia sai s6 thiét thuc hon. Theo (6.29)
hl sai s6 ¢S cd 0(h). Ngudi ta ching minh duge mét cong thic
u sdc hon : V6i nhitng gia thiét nh&t dinh. Chdng han khi
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f(x,y) khd vi lién tuc va y(x) ¢6 dao ham dén cGp ba bi chan thi
tdn tai mot ham sé lién tuc w(x) khong phu thuéc h sao cho

y; - y(x;) = hw((x;) + 0(h? (6.35)

Cong thdc nay goi 1a cong thuc trién khai tiém cdn cia sai
s6 cia phuong phap Ole.

Bay gitd gid st cung mot bai tosn ta tinh theo phuong phép
Ole hai l4n, lan thd nh4t véi buéc di h ta dugc gia tri gin
‘ding tai x; la u(x; ; h), (ta viét th&€ cho rd sy phu thudc vao
h, trudc day ta chi viét don gian 1a vu;, 14n thd hai véi bude di

% ta dugc gid tri gin ding clng tai x; l1a u(x; ; -1% ). Theo cdng
thic (6.35) ta cd :
u(x; ;h) - y(x;) = hw(x;) + 0(h?) (6.36)
h h
u(x;3) —y(x) = 3 wx) +0(h?) (6.37)

Bing phép trit hai ding thuc ta duge:

h h

3 W(x) = u(x;;h) —u (xi ; 5) +0(h?)
Do dé (6.37) cho:

u (xi;%) = y(x) = u(x;; h) —U(xi;g) + 0(h%

Vi 86 hang 0(h®) qué bé so v6i h khi h bé nén ta bé qua va
thu dugc hé thuc (gén diung) :

h h
u(x; ) —y@) = uex; b) - u(x;g) (639
Véy néu xem u (x,-;E) la gid tri gan dung cia y(x;), thi
¢cé ddnh gid sai s6 (6.28)

Ta thi 4p dung két qud d6 vao bai todn (6.33) (6.34).
K&t qua tinh v6i h = 0,1 tai mét s6 nit ghi thanh bang 6.2
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Bdng 6.2

o Sat s6 dung
' u(x ; h) u ) 11_ Sai s6 h
% ! (’S ’ 2) theo (6.38) u (x" -2-) = y(x)
0,5 1,435133 1.424991 0,010142 0,010777
1,0 .1,784771 1,760038 0,024773 0,027987

Sai s6 ding tinh véi y(x) = V2x+1. Ta thdy sai s§ tinh

30 (6.38) kha géin sai s6 ding.

7. So d6 toém tat phuong phép Ole

Cho bai toan:

y = f(x, y), x, €£x<X

5'(1‘0) =17
Phuong én 1 (khong tinh sai s6)
1) An dinh s6 khoang chia N
2) Tinh h = (X - x)/N
3) Tinh x; = x4, + ih
4) Dat u, = g
5) Tinh
ui+1 =ui + hf(xi, ui)
i=01,2 .,N-1
6) K&t qua duoc : ’

wy = y(xi), i= 0, 1, ceey N

Phuong én 2 (cd tinh sai s6)
1) A’n dinh sai s6 khoang chia N

2) Lam cédc bu6e 2, 3, 4, 5 cia phuong an 1.

6
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3) Dat u(x, h) = u;
Thay h bdéi h/2, lam lai budc 2

h
Két qua duge : u (xi , E) =~ y(x;) v6i sai s6

v (%03) —yo)| = | utxB) —u(x,3) |-

§ 6.4. PHY LUC 3
SAI SO THUC SU

1. M¢d dédu

Trong khi tinh, ngoai sai s6 phuong phap xdc dinh bdi cong
thic (6.24) con moét loai sai s6 nita phai k€ dén, do 1a sai s¢
tinh todn (xem doan §1.5) do sai s6 quy tron khi thuc hién cac
phép tinh s6 hoc tich luy lai. Sai s6 nay phu thudc s§ cac chit
86 ¢S nghia cia may tinh dung dé tinh, s6 cic chit s& cé nghia
nay cang lén thi sai s6 tinh todn cang nhé.

Nhu vay khi muén tinh dai lugng A ta khéng dugc A ma
chi duoc mot gia tri gan ding tinh ra thuc su cia A, ta ki
hiéu né la A* lic dé6 A* — A la sai s6 tinh toén khi tinh A,
cdn got la sai s6 thuc su.

2. Ap dungvao phuong phép Ole

Gia st da cd u’ 1a gia tri tinh ra thuc sy cta u;. D& tinh
u;,, ta cé (6.19) :

Wir1 = u; + hi(x;, w)
trong dd phai thay u; trong v& phai bang u va gia tri tinh ra
thuc sy cho u;,, sé la

U4y = (4 +hi(x;, uj))"
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i hi¢u sai s6 tinh todn dia phuong tai x; la
& = (ui+hf(x;, u))) — (ui +hf(x;, u))
6 u', =y +hi(x; ,u) +¢ (6.39)
8y giv ta danh gid sai s6 tinh toén téng hop tai x; :
& =ul —u, 640)
ria thiét vé cdc sai s tinh toan dia phuong £; théa man
< g, £ xdc dinh bdi méy tinh s dung. (6.41)
&y (6.39) tri (6.19) v& voi v& ta dugc
e+ = ¢ +hifx;, u) +f(x;, u)l +¢

p dung cong thic Lagrangio (xem cdng thic 2.18) vao
. ¢ trong ddu ngoac ta dugc :

* * of -—

J61 gia thist (6.22) (6.23) va (6.41) ta thu duge :
lef+1] < (1 +Lh)jef| +€ (6.42)

)4t ddng thdc nay cé dang (6.25). Ta ap dung bd dé 6.1 va
ra :

* * . &
lef] =y —y| =M ( les] +K) (6.43)
M = eli™%) (6.44)
Ay gid ta xét sai s6 thuc sy ui —y(x;). Ta cd :
uf —y(x) =y -y + oy - yx)

‘a suy ra |u —y(x)| < |uf —y| + |y - yx)|




‘I'U Ao vO1 cac danh gia (6.24) va (6.43), ta thu dugc :

luf —y(x;) < M{ le,| + leg] +ah +%} (6.45)
Dd 1a danh gia cia sai s6 thuc su tai x; khi ta xem ui' la
gia tri gan dung cia y(x;). Trong (6.45) thi:
eo=uo_y(xo) =72—7l=0

*

o =Up~U, =7 ~ 7

con e o~ U,
12 sai s6 tinh toan khi xdc dinh 7. Trong diéu kién li tudng ta
gia st 7* - 7 = O, tidc la eg = O thl vin cdn

o ~y(x) = M(ah + %) (6.46)

trong d6 Mah ddc trung cho sai s6 phuong phdp, con M.e/h
ddc trung cho sai s6 tinh todn. Ta th&y khi h cang nhé thi sai
s6 phuong phdp nhé ddn nhung sai s6 tinh todn lai lén dan.
Hai thanh phén gy dién bién ¢réi nguoc nhau. D6 thi cia ham

e() = M(ah +-f;) (6.47)

¢6 dang & hinh 6.1. Ham

e(h) nay c6 cuc ti€u tai 4 e(h)
h = h,, h, 12 mét gia tri |

xac dinh phu thudc o va ¢ ;

h, = V¥ 6.48 | elh)

o = V¥ (6.48) ‘ oy
Nhu vay khi tinh toan \

véi phuong phap Ole, muén \ /

tang do chinh xac thudng v\

ngudi ta gidm budc di h, '

nhung néu gidm h qua h, PRI &/

(h < h,) thi sai s6 téng hop e

lai tang. T lic d6 viéc giam y
budc di.h khong cd tdc dung
tich cuc nita. Cho nén c6
thé ndi h, la buéc di t6i
uu cho phuong phép Ole. Hinh 6-1
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- #6.5. CAC PHUONG PHAP CHINH XAC CAO

. Md dau
)8 v6i mébi phuong phap gin diang d€ giai bai toan vi phan
) (6.10) ta da ki hiéu u; l1a gia tri gdn dung thu duge cho

J&u |u; - y(x;)| = 0(b", k > 0

ta ndi phuong phép c6 d¢ chinh xdc clp k, hay gon hon
l2 mot phuong phap cép k.

Vhu vay phuong phdp Ole la phuong phdp cé d¢ chinh xdc
moét hay phuong phdap cdp mot. Khi k£ = 2 ta néi phuong
p ¢6 dé chinh xdc cao, hay la phuong phdap chinh xdc cao.
Vhu vay phuong phdp Ole khong phdi la phuong phdp chinh
cao .

Véu phuong phép cé dé chinh xdc cao thi khi tinh todn ta
ng phdi chia ludi c6 budc di qué bé cing cé thé thu dugc
qud dat d¢ chinh xdc mong muén. V6i h khéng qui bé, s6
x; sé khong qua 16n, va do do tiét kiem duge cong tinh. Vi
viéc tim ra nhitng phuong phap chinh xdc cao 12 cdn thiét.
!. Phuong phap 1 : dp dung céng thuc khai trién tiem can
sai s6.

[rd lai cic cong thic (6.36) (6.37). Khit w(x;) khoi hai dang
¢ dd ta duge :

(Zu (xi;-g-) —u(xi;h)> -y(x) = 0(h?)
Vay h
vi(h) = 2u (xi;—2-> - u(x; ; h) (6.49)

gia tri gAn ding cla y(x;) voi sai s6 cd 0(h?) ; Nhu vay ta
Jjc moét phuong phap ¢ d6 chinh xdc cdp hai mo6t cdch khé4
t gian.

Thi du : Xét bai toan (6.33) (6.34).

)



Két qua tinh v6i h = 0,2 tap trung thanh bang 6.3

Bing 6.3
X u(x,, h) u(x,, h/2) v,(h) Nghiém ding y(x)
0,0 1, 1, 1, : 1,
0,2 1,2 1,191818 1,183636 1,183216
04 1.373333 1.358213 1,343093 ° 1,341641
0,6 1,531495 1,508966 1,486437 1,483240
0.8 1,681084 1,649783 1,618482 1,622452
1,0 1,826947 1,784771 1,742595 1,732051

Ban doc cd th€ xem cic gia tri u(x; ; h) & bang 6.1. Ta thdy
h
rang v;(h) chinh x4c hon u (xi;§> rdt nhiéu .

3. Phuong phadp 2 : Phuong phdp hinh thang
Phuong phdp nay cé cong thuc tinh
h
ui +1= ui +§ [f(xi9 ui) + f(xi+1, ui+1)] (650)
U =1 . (6.51)

1’1 thdy diéu dd ta gid st nghiém y(x) cta bai toan vi
phan (6.9) (6.10) cd dao ham dén cdp ba va 4p dung cdng thic
Taylo (cong thic 2-30) tai x;,,, = x; + h/2

h | 1 ,ho2
Y&i+) =¥+t Gew) +5 () Y i) +o@d)

h | 1, h2
y&) =y - 5 V&) + §(§> ¥ (%iy12) +0(h)

Ta suy ra
¥y&x;y ) - ¥(x) = hy'(x;,,2) + o(h®) (6.52)

Ta lai cd

h
Y &) = ¥ &) + 5 ¥ (X410 + o(h?)
, , h 2
yx) =y &) - 5 ¥ &) + o)
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ia owy A

Y)Y i) = 2¥ (ig ) +0(h0) (6.53)

Khit y'(x;,,,,) khoi (6.52) va (6.53) ta duge
h
yixi, ) - y(x) = 5 [0 +y'(xi )1+ o(h?)

Nhung vi y(x) 12 nghiém phuong trinh vi phan nén
yx) = fx;, Y&, ¥ &) = f&ivns Y&is1)

Bay gio bd qua s8 hang o(h®) ta dugc
h
y(xie) — YD) = 3 [f(x;, yx) + {(Xjp 1, ;i 1))]
Thay y(x;) bdi uj, y(x;,y) boi ujy, ta duge
h
gy - Yy = 5 0w+ f(xi4 15 Vi)

DS chinh la cong thic (6.50)
Chu y rang d6i v6i phuong phap Ole, & cong thic (6.18) ta
1
qua s6 hang 3 hzy”, d6 1a s6 hang vd cung bé bac hai doi
h va da chdng minh dugc sai s6 |u; - y(x;)| = o(h). 3 day
b qua s6 hang o(h?) 12 mot vo cung hé bac ba ddi voi h va
1g cé thé ching minh dugc sai so
|u; - y&p| = o(hz)

Vay phuong phép hinh thang cd d6 chinh xéc cfp hai, no la
t phuong phap chinh xac cao.

Nhung khi da biét u; tai x; ta muén cé u;,, tai x;,, ta phai
: phuong trinh (6.50) d6i véi u;,,. Néu f(x, y) phi tuyé&n dé&i
y thi phuong trinh dd 12 mot phuong trinh phi tuyén. Diéu
khac vdi & phuong phéap Ole, ta c6 ngay cong thic tinh min
) u; ma khong cén phai giai mot phuong trinh nao. Vé6i y



dé ngudi ta ndi phuong phdp hinh thang 1a phuong phap 4n,
cdon phuong phap Ole 1a phuong phap hién.

Dé giai phuong trinh (6.50) ngudi ta cé th&€ dung cach lap,

xdp xi dau u{®, thi bang phuong phap Ole voi buéc di h :

“i(qzl = u; + hf(x;, uv)

ul = w20, w) + (x4 g, (P

m=20,1,2 ..
Qua trinh 1ap dung khi:
o, 270 < 2

¢ cho truéc.

(6.54)

(6.55)

(6.56)

Thi dy : Xét bai toan (6.33) (6.34). K&t qua tinh toan tap
trung thanh bang 6.4. Ta chd y riang s6 ldn lap cén thist dé

dat (6.56) cang bé thi khi h cang bé.

Bdng 6.4
t ia .

Nghiém Nghiém .
trong X, $G 13n lip | gin ding diing Sai sb
(6.56) la i . [y, = y(x)|

0,00025 . )
0,2 3 1,1847 1,1832 0,0015
04 3 1,3444 1,3416 0,0028
h =02 0,6 3 1,4874 1,4832 0,0042
0,8 3 1,6185 1,6125 0,0060
1,0 3 1,7407 1,7321 0,0086
" 0,1 2 1,0957 1,095 0,0003
0,2 2 1,1837 1,1832 0,0005
0,3 2 1,2656 1,2649 0,0007
0,4 2 1,3425 1,3416 0,0009
h =01 0,5 2 1,4143 1,4142 0,0011
! 0,6 2 1,4846 1,4832 0,0014
0,7 2 1,5508 1,5492 0,0016
0,8 2 1,6144 1,6125 0,0019
09 2 1,6756 1,6733 0,0023
1,0 2 1,7348 1,7321 0,0027
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Chi y T i = 1, nghia la i + 1 =2, trd di ta co thé tinh
gp xi ddu bai u{®, = u_, + 2hf(x;, u)
Khi d6 sy hoi tu sé nhanh hon.

4. Phuong phap 3 : Phuong phdap hién dn (con goi-la phuong
hép dy bdo va didu chinh).

Trong thi du trén ta chd y radng. Khi h cdn tuong d6i 16n
hi s6 1d4n lap > 1, khi h bé dan thi s6 14n lap giam va khi h
1 bé ngudi ta nghiém thdy chi cAn lap mét ldn. Lic d6 phuong
hap hinh thang (6.54) (6.55) viét:

Uy =7 (6.57)
h —

N6 thuéc loai phuong phap hién 4n hay phuong phap du bio
4 diéu chinh theo nghia sau : trudc hét dung céng thuc hién
6.58) tinh ra U,; chi xem la gia tri du bdo, sau dé dung no
€ diéu chinh céng thic &n (6.59) va tinh ra u .

Nhu vay khong cé&n giai phudng trinh nao ma vin dat d6
hinh xdac cdp hai khi h tuong d6i bé, d6 la d6 chinh xéc cuaa
6ng thdc hinh thang

Ta o6 thé goi phuong phap (6.57) - (6.59) la phuong phdp
ién dn hinh thang.

Sau day l1a moét phuong phap hién dn khédc cing cd d¢ chinh
ic cdp hai (khi h tuong d6i bé) :

uy =7 (6.601

- h

uy g = Ut 2 f(x;, u;) (6.61)
h _

Phuong phap nay con cd tén 1a phuong phdp hién én trung diém.

5. Phuong phédp 4 : Phuong phdp Runge — kutta (R-K)
fp 4. Phuong phdp nay cd cobng thuc tinh

Yo =17

14
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Khi da biét u; thi tinh u;,; nhu sau :

k; = hf(x;, w))

k, = hf( x; + 0,5h, u; + 0,5k,)
ky = hf(x; + 0,5h, y; + 0,5k,)
ky = hf( x; + h, u; + kj)

Uy, =yt é (k; + 2k, + 2k3 + ky)
Vay ta khong phai gidi moét phuong trinh nao, day la mét
phuong phap hién hoan toan.
Ngudi ta chﬁng:minh dugc:
y; - y( x) = 0(h?)
Ta thdy rang phuong phiap R - K ¢6 d6 chinh xdc cép 4

6. Thi du

DE co thé d6i chi&u cac phuong phdp vita trinh bay ta xét
bai todn (6.33) (6.34) trén cung mot ludi v6i bude di h = 0,2.
Két qua tinh ghi thanh bang 6.5. '

Bdng 6.5

x Phwong phép P.P hién hn P.P hién in

i Ole (6.19) hinh thang trung diém
0,0 1, 1, 1,
0,2 1,2 1,18667 1,18364
0,4 1,37333 1,34832 1,34266
0,6 1,53150 1,49372 1,48502
0,8 1,68108 1,62888 1,61523
1,0 1,82695 1,75438 1,73619
% Phwong phip | Nghi¢m ding

i R-K (6.62) (6.65) y = VIx ¥1
0,0 1, 1,
0,2 1,1832292 : 1,1832160
0,4 1,3416668 1,3416407
0,6 1,4832847 1,4832397
08 ¢ 1,6124665 1,6124516
1,0 1,7320713 1,7320508
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7. Cha y

Cédc phuoung phap chinh xac cao ndi trén 1a cdc phuong phép
ot bude, nghia 1a cach tinh uj, tai x; chi cdn dya vao y,
i mot di€ém chia x; la di€ém chia ngay trudc x;,,. Ngoai ra
m ¢ nhitng phudng phdp chinh x4ac cao nhiéu budc, d6i véi
wing, mudn tinh u;,, tai x;,; phai dya vao céc gid tri u;, u,_j,
» Wj_pyp tai p di€ém chia x;, x.p, ..., Xipr1- Cac phuong phdp
iy ¢6 vé nhu c6ng kénh nhung lai rdt cd hiéu qua

§6.6. HE PHUONG TRINH

1. Hé phuong trinh

D6i vdi mot phuong trinh vi phan cdp moét ta dd phat bidu
i todn Cosi nhu sau :

Cho khoang [x, X]. Tim ham s6 y = y(x) trén [x,, X], thon .an: g
y = f(x, y) (6.9)
¥y =7 (6.10)

ong d6 : f(x, y) 1a ham sd cho truéc cia x, y con 7 la mét
§ thue cho trudc
Bay gid d6i v6i mot hé phuong trinh, xét hai phuong trinh
10 don gian, ta phat bi€u bai toan Cosi nhu sau :
Cho khoang [x, X]. Tim hai ham s6 y = y(x) va z = z(x)
ic dinh trén [x,, X], va théa man
y =f(x,y,2), 2 = gx,y, z) : (6.63)
y(xo) = 7y, 2(xg) = 1 - (6.64)
ong do f(x, y, z), g(x, y, z) 12 hai ham s6 cho trudc cta X,
z con 7, 7, la hai sé thuc cho trude.

2. Phuong phéap chudi Taylo

Cac phuong phdp giai gan dung bai toan (6.9) (6.10) da trinh
iy 8 trén déu cé thé md rong d€ ap dung cho bai todn hé
.63) (6.64).
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Ching han phuong phdp chudi Taylo viét:

(x - Xo)

y(x) = y(x,) + (x - x)y’(x,) .+ - Vi(xy .

0)“
2

z(x) + (x - x,)2°(x;) +

i

2(x)
v Y& =y, 2(x5) = 72
yx,) = flx,, y(x,), 2(x,) = f(x,, 1y, 72)

2(x) = g(x,, y(X,), z{x,)) = g(x,, 171, 72) V.V

3. Phuong phéap Ole

Truéc hét ta chia doan [x, X] thanh n doan con, gia thiét.
bang nhau cho don gian, bdi cdc di€m:

X; = X, +ih, h = 1/n
Phuong phap Ole viét:

u;,; = u; + hix;, v, v)

vipp = v; +hgx;, u, vp)

Uo = p Vo = 2

trong d6 u; ki hiéu gia tri gdn dung cta y(x;), v; ki hiéu gia
tri gdn ding cda z(x;}.

Nhu vay khi bist u;. v; ta tinh ra ngay u;, | vi vi,-

4. Phuong phép hinh thang

U, =1 Vo = N2

Uy +—2—[f(xl,u v) + (X, Uy Viey)

‘ h
vier = Vi + 5 (80 ) + gy, Wi Vie)]

117



Khi da pmet u;, vj ver oy T T
:h lap

ui@l = u; + hf(x;, W vi), vi(°21 = v, + hg(x;, v;)

o@D =ty [f(Xn v T+ oy, v Py

l

VST— 1)"V +5 [g(xw i’ 1)+g(x|+l’ S*')l’ ‘+1)]

=012, ..
Cho téi khi
|l — ulPy D < ¢ |v( m — T H <«

> 0 cho trudc

5. Phuong phap hién 4n hinh thang
u, =1 Vo = M2

h
T L A A £(xi41 Wi 1s Vie1 )}

h : I
viep = Vi + 3 B W vp) *+ g(&iy 1 s Viel )

6. Phuong phap hién in trung diém

u, =14 Vo = M2

h _ h
s = 0 F ”Z‘f(xi: uWisg = Vi T —2'g(xi’ u;)

It

h _ —
U = Y + hf(x; + 5 » Yi+1» Vi+1)s

2
h _ -
Vier = Y + hgx; + 9 Wy Vi+1),



7. Phuong phép Runge-Kutta (R-K)
Uy = M1 . 9
kl = hf(xl, ui, Vi)

k, = hf(x; + 0,5h, u; + 0,5k;, v; + 0,51

>
W
|

= hf(x; + 0,5h, y; + 0,5kz, v; + 0,51,)

o
e
1

1

Vo =12

1, = hglx;, uj, v

1, = hg(x; + 0,5h, u; + 0,5k, v; + 0,51;)
l; = hg(x; + 0,5h, u; + 0,5k,, v; + 0,51,)
1, = hglx; +h, u; + k3, vi + 15)

1

§6.7. PHUONG TRINH CAP CAO

Dé& cho don gidn ta xét phuong trinh cdp hai. Bai toan Cosi
phat bi€u nhu sau :

Cho khoang [x, X]. Tim ham s6 y = y(x). Xdc dinh trén
[x, X], théa méan : '

y” - f(x, y, y’)
yxo) = Mo Y&y =M
Bai toan nay c6 thé dua vé& bai todn d6i v6i mot hé bing
cach dat:
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That vay, lic do ta co:

’

2 =y =fxyy) = fxy, 2)
Do dd6 ta ¢ hé:

b

z fx, vy, z)

2

y =z

2(xy) =M, Y& =1
D6 chinh 1a bai toan Cési d6i v6i mot he voi gx, y, z) = z.
1 ¢6 th€ ap dung cic phuong phip d6i +4i mét hé ndi & muc
6.

BA! TAP
1. Ding phuong phap chudi Taylo giai bai toan
y =x*+y% y0) =0

2. Dung phuong phap Ole giai bai toan

y’-=§2‘z;0sxs1

y0) =1

bude di h = 0,1.

3. Dung phuong phdp Ole giai bai todn
y’=x2+y2,0$xsl
yO =0

bude di h = 0,2.

4. Dung phuong phdp trung di€m giai bai todn s6 3 & trén.

&. Dung phucng phap chuéi Taylo giai bai toan

3

y = x +yz

2 =x -y

y(0) = 1, 2(0) = 0



ira gl

1.

. u

L R T
y = zx g3

-u,=1;5;u; =1;u; =1005;u; = 1,0151;

1,0303 ; us = 1,0509 ; ug = 1,0772 ;

o
.
I

u; = 1,1095 ; ug = 1,1483 ; uy = 1,1942 ;
u, =0;u =0; u = 0,008 ; uy, = 0,04

uy = 0,1123 ; ug = 0,2428

o =0;u = 0002; u = 0,0200072
u3 = 0,070267089 ; u, = 0,170546656
us = 0,343823657

Chu y : Khong phai tdt ca cdc chit s6 viét & day 1a dang tin.

4

5.y(x) = 1 — — + ..

24
) x°
z(x) = =x - — + ...

5
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