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Yéu cau moén hoc

e Muc tiéu: lap trinh dé giai cac bai toan thuc
té trong qua trinh hoc hay céng viéc sau nay.

* Glal duwoc cac bai toan don gian va cho ra
cac két qua dudi dang so6. Nhw gidi phuong
trinh moét bién s6 hay hé phwong trinh, tinh
tich phan hiru han cia mét ham so, .. dudi
dang so.

» UGc lvong duoc sai sO cia nghiém so6 tim
duoc.



Tal lieu tham khao

* Phuwong phap tinh, Ta Van Binh, Nha xuat ban
gido duc 1999.



Phwong phap hoc

 Slice sé gid¢i thiéu vé thuat toan duwéi dang cac
buéc (thuat toan chan Mackov), lvu d6 va vi du
thwe hién trén may trén ngén nglr MATLAB.

« K&t hop giadng chi tiét trén bang, vi du lam bang
tay.

 Sinh vién lam bai tap vé nha. Lay trung binh dé
danh gia diém thwong xuyén.

* Sinh vién lam lam mot bai tap trén bang, két
qud dung danh gia diém diém thwong xuyén.



Bai tap

* Bai tap vé nha: moi chuong dwoc phat 1 bai
tap vé nha. sv lam va ndp lai. moi bai dwoc
danh gia theo thang 10.

* Trung binh cac bai tap vé nha, cdng v&i diém
lam bai tap trén |6p, dung lam diém thuong
Xuyeén.



Phwong phap danh gia

* Dinh nghia: Cham hoc la biét cach lam bai.

K&t qua lam bai tap & nha, bai tap trén I&p dung lam diém
thwong xuyén - dwoc hiéu la thwdng xuyén hoc.

 Thi viét : diém gilra ky va cubi ky.

* Bai tap I&'n - khéng bat buéc: Lap trinh dwoc trén mot

ngon nglr bat ky dé giai mot bai toan theo mot phuwong phap
nao do (co kiém tra van dap truc ti€p).

Pat duoc: dat yéu cau toi da cia moén hoc, nén:
Piém thwong xuyén va gitva ky: 10 (t6i da).
U'u tién khi chdm diém cubi ky.
e Sinh vién khong lam bai tap bi coi la khong thwong xuyén
hoc nén:
Piém thwong xuyén: 5.
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Khai niém vé sai sb

* Moi th&r déu co6 sai s6. Sai s6 duoc chia lam ba
loa:

« Sai sb do dac: la sai s6 phét sinh trong qua trinh do
dac, chu yéu do chu quan cla ngu’o’l do. Sai s6 nay
tuan theo quy luat ngau nhién, va c6 phod déu (pho
trang)

* Sai sO hé théng: Trong do dac, sai s6 nay phat sinh do
phwong phap do, hé thong may maoc,... Trong mo hinh,
sai sO nay phat sinh do phuvong phap md hinh hoa, ..

* Sai soO lam tron: la sai s6 do lam tron sé trong qua trinh
tinh toan, x ly, lwu trir soé liéu.



Chir s6 c6 nghia
Bat dau tir chir so khac khong dau tién.
Két thac béi chir s6 cudi cung.
Lwu y & chir s6 0 nam & cubi ciing 1a chir s6 ¢
nghta.
Vi du:

* SO 001234, thi s6 hai s6 0 dau tién la hai s6 khéng c6
nghia.

S0 1234000 thi s6 ba sb 0 cudi la ba chir s6 c6 nghia.
Nhwng khi biéu dién dwéi dang 1234*108 thi chit s6 c6
nghia cubi cung la so 4.

* SO 1.2345000 thi ba chir s6 0 cubi la chir s c6 nghia.



Cach viéet sai sO

» Cach viét mot gia tri c6 sai so:

*A=105+05(10 <A =< 11) (saiso tuyét
doi)

*A=10%£10% (9 = A =< 11) (sai sb twvong
doi)

*A=12(-1;+2)(11 < A < 14)

e Khi viét mot s c6 sai so thi chir s6 co
nghfa cudi cung cua so va sai so phai cung
bac voi nhau.



Sai so cua biéu thirc don gian

 Tinh sai s6 cla biéu thirc don gian:
d(x+y) = dx+dy
d(x*y) = ydx + xdy
L dlxxy) _dx  dy
X*y X y

 Sai soO tuyét doi: tién loi khi lam phép cong.
» Sai sb twong doi: tién lgi khi lam phép nhan.



Sai sO cua biéu thirc

e Tinh sai sO clla biéu thirc:
)

AR R
ay _ ., > Y — X )*dX
Yo

C=f(x,y)

~dc = 9C ax + 2 gy

0 X Oy



Quy trinh gidi mot bai toan so

e Xac dinh khoang nghiém

 thu hep dan khoang nghiém dén mdt gia tri nao
dé chap nhan duoc.

* phuwong phap chia doi — bisection

nwong phap lap — lagrande

nrong phap tiép tuyén — Newton-Rapson

O O O O
O O O O

nwong phap day cung



Xac dinh khoang nghiém

e \VVé do thi ham sO.
» Xac dinh khoang nghiém gan ddng bang do thi.

Khao sat do thi hamsé St dung cong cu may tinh

*Tinh dao ham céap 1, dé vé ham so
cap 2. MATLAB:

*Tinh gia tri ham tai cac Syms X |
diém dao ham bang 0, ezplot ('x"2+sin(x)’)
va mot so diém khac

*V& ham s6 nay vGi cac x=1:0.01:10;

diém nay. y=x."2+sin(X)

plot(x,y)



y = X+sin(x)+1 =0

e y'=1+c0os(X) MATLAB:
e y"=-sIn(X) e ezplot("x+sin(x)+1")
e yv'=0 tal (2*n+1)*pi/2 * x=linspace(-5,5,100);
* tinh gia tri ham tai y=X+sin(x)+1;
n*pi/2. olot(x,y)

e VVé ham soO.



Phwong phap chia dol

» y=f(x) cO sb |é nghiém trong khoang (a,b), khi
do: f(a)*(b)<0
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Phwong phap chia dol

e Cach giai:
e xac dinh c=(a+hb)/2
* tinh f(c)

* néu f(a)*f(c)<0 thi nghiém sé nam trong khoang
(a,c), néu khéng nghiém nam trong khoang (c,b)
* néu khoang nghiém chwa dat dé chinh xac can thiét

thi [ap lai qua trinh, néu khong thi nghiém thu dwoc
la (a+b)/2 v&i sai s |a-b|/4



1) xac dinh [a,b],
sai sb ss

2) Tinh fa=f(a)

3) c=(athb)/2

4) x=c
5) tinh y=f(x)

6) kiém tra dk=y*f(a)>0
néu dk >0 thi a=c
néu khéng b=c

7) tinh c=(a+b)/2

8) xac dinh dkss= ss<|x-C]
néu dkss dung thi két
thuc
néu khdng quay lai
buéc 4

9) két thc

xac dinh a,b,ss
fa=f(a)
c=(a+b)/2

>y

X=C

y=1(x)
dk=y*f(a)

két thuc

xd=a;

Xxc=b;
xg=(a+b)/2;
fxd=hamso(xd)
ss= abs(a-b)/2

while ss>ssyc
y=hamso(xQ);
dk=y*fxd,;

if dk>0
xd=xg;

else
XC=X(Q;

end;

xg=(a+b)/2;
ss= abs(a-b)/2

end;
disp xg

function y=hamso(x)
y=x."2+sin(x)+1;



Cach giai thu coéng

Gidi phuongtrinh: 2% x+sin(x)+2 =0 v&isaisé 10~°
Pé giai phwong trinh nay, trwéc tién ching ta phai tim dwoc
khoang nghiém. St&r dung phuwong phap khao sat ham sé.
ham s0: y= 2x+sin(x)+2 c¢6 dao ham: y’' = 2 + cos(x) > 0 vOi
moi X, y' khdng c6 nghiém trong khoang (-c; ).

X -00 -2 0 0o
y’ + + + +

Y -00 -0.034 2 ’

Phwong trinh ¢é nghiém duy nhat trong khoang: (-2;0)



Cach giai thu coéng

b

f(a)

f(c)

la+b|/2

-

-2.909

-0.8415

-




Phwong phap lap

* Lagrange: néu ham g(x)=x lién tuc va co
dao ham lién tuc trong khoang (a,b) thi tén
tai mét s6 c thudc (a,b) sao cho g(a)-
g(b)=g'(c)(a-b).

 Nhv vay, V&i nghiém gan dang ban dau
X0, chuoi x1 = g(x0), x2 = g(x1),... s& hoi tu
dén nghiém chinh xac x néu |g'(x)|<1.

* Phuwong phap nay cé han ché la phai xét
diéu kién hdi tu g'(x) .



=G'(c)(x,—x,,)

Nhuw vay néu | G'(c) | < 1 thi chubi Xo X1 Xa,..Xn
sé hdi tu dan dén nghiém chinh xac. G'(c) cang
gan O thi tdc d6 hdi tu cang nhanh, G'(c) cang
gan 1 thi toc do hoi tu cang cham. néu G'(c) ~
1/2 thi téc db hdi tu twong duwong phwong phap
chia doi. Viéc xac dinh ham G do kinh nghiém.



Minh hoa diéu kién hoi tu

y=x yi E;
‘4 E }f:"‘.:
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1) xac dinh xbd, ssyc

2) néu |g'(xbd)|>1
thi két thic

3) tinh gbd=g(xbd)
4) xtt=gbd

5) tinh ssx=|xtt-xbd]

6) ki€m tra ssx>ssyc
néu dung: két thag

7) xXbd=xtt
8) quay lai budc 2

9) két thuc

xac dinh nghiém
Xbd, ssyc

y

dg=g'(xbd)

v =

gbd=g(xbd)
xtt=gbd

ssn=|xtt-xbd|
Xbd = xtt

két thlc

function [x,ss]=lap(x0,ssyc,f)

tol=1e-3;

ss=1e3;

Xbd=x0;

y=inline(g,'-1 - sin(x)/2");
% PT: 2*X + sin(x) +2 =0
while ss>ssyc

gxbd=g(xbd);
dg=(-gxbd+g(xbd+tol))/tol;

if dg<1

xtt=gxbd,;

else
disp(L6i: Ham khéng thoa
man.');

break;

end;

ss=abs(xtt-xbd);
xbd=xtt;
end;

r:xbd



Cach giai thu coéng

Gidi phuongtrinh: 2% x+sin(x)+2 =0 v&isaisé 10~°
Pé giai phwong trinh nay, trwéc tién ching ta phai tim dwoc
khoang nghiém. St&r dung phuwong phap khao sat ham sé.
ham s0: y= 2x+sin(x)+2 c¢6 dao ham: y’' = 2 + cos(x) > 0 vOi
moi X, y' khdng c6 nghiém trong khoang (-c; ).

X -00 -2 0 0o
y’ + + + +

Y -00 -0.034 2 ’

Phwong trinh ¢é nghiém duy nhat trong khoang: (-2;0)



Cach giai thu coéng

X g(x)=-1-sin(x)/2 ss=|x-g(x)]

-1/-0.57926450/596| 0.42073549

-0.5792645/-0.726295711652] 0.1470312

-0.7262957/-0.667/94 7637422 0.05834807

-0.6679476/-0.690312002972| 0.02236437

-0.690312-0.68161110885/| 0.00870089

-0.6816111 -0.6849/7519149 0.00336641

-0.6849775/-0.6836/72199121| 0.00130532

-0.6836722-0.6841/77910096| 0.00050571




Phuong phap tiép tuyén (Newton)

* Trong khoang nghiém (a,b) chon nghiém ban

dau x0, thi chudi x,,,=x,— f (x, )/ f'(x,

hdi tu dén nghiém x néu f'(X) lién tuc, k

n6ng doi

dau, khong triét tieu trén doan (a,b) (ham f(x)

lieén tuc, don dieu trén doan (a,b))

fi %)




1) xac dinh xbd, ssyc function [x,ss]=lap(x,ssyc,

xac dinh nghiém gig;
2) tinh dfbd=F (xbd), s | ke
3) tinh fbd=f(xbd) B B

4) xtt=xbd-fbd/dfbd 4 while ss>ssyc

fhd=f(xbd):

5) tinh ssx=|xtt-xbd od=f(xb) xtt=xbd-fbd/dfxbd;
. xtt=xbd-fbd/dfbd dfxtt=df(xtt, tol)
6) kieém tra ssx<ss if dixbd*dftt<0
néu ding: két thiic b e
7) tinh dftt=f"'(xtt) et
- ss=abs(xtt-xbd);
~ xbd=xtt;
8) ?r]e\ukgl{ti;d,fbd<:o, dftt=F (xtt) e
| két thic dk=(dftt*dfbd)
f . funtion dy=d1f(x,tol)
10) quay lai bwéc 2 Bk =0 dy=(y(x+tol)-y(x)/tol;
] funEtion_y:f(?Q
11) két thuc Tt | y=x+sin(x);




Phwong phap day cung

e Gid sir ham f(x) c6 mot nghiém duy nhat trong
khoang [a,b]. lay x« la nghiém cua day cung (A;B),
khi d6é chuoi: —

o fla)a=b)
o f(a)—f(b)
o fla

o f'(x)‘xe(a,b)

* sé& hoi tu dén nghiém X.




1) xac dinh a,b,
sai sO ss

2) tinh FA=f(a), FB=f(b),
c=a-FA*(b-a)/(FB-FA)

3) X=C

4) tinh y=f(x)

5) ki€m tra dk=y*f(a)>0
néu dk >0 thi a=c;

FA=Y;
néu khéng b=c;
FB=y;

6) tinh
c=a-FA*(b-a)/(FB-FA)

7) xac dinh

dkss=ss<|x-C|

néu dung thi két thic
néu khéng quay lai

buwéc 3

8) két thic

xac dinh a,b,ss
FA=f(a),FB=f(b)
c=a-FA(a-b)/(FB-FA)

|
X=C

y=f(x)
dk=y*f(a)

+

b=c a=c

c=a-FA(a-b)/(FB-FA)
SSX=|x-c|

SSN>SS

két thlc

function [x,ss]=dc(a,b,ss0,f)

tol=1e-3;
ss=1e3;
xbd=x0;
y=inline(f,'x");
X=a;

while ss>ss0

FA=y(a); FB=y(b);
c=a-FA*(b-a)/(FA-FB);

FC=y(c);

if FC*FA<1
b=c;

else a=c;

end;

ss=abs(x-c);
X=C;
end;



Uoc lvong sai s6 nghiém

e fly
A= i (1 (x)

« Pé don gian, thdng thuwdng nguwoi ta st dung
sai s6 clla nghiém bang sai lIéch cua 2 nghiém
xap Xi cudi cung.

 ChuoOi Xo X5 .. X, X hOi tu dén nghiém chinh xac
X, nen: ‘Xl—XO|>‘X2—X1‘> >|x,— x> x,— x|

e Sai so:

Ax =

e AX=|X -X__|>|x-X | c6 thé str dung nhu sai s6 cla
nghiém tinh dworc.



Diéu kién

To6c do
hoi tu

So6 lvong

So sanh 4 phwong phap

Chia doi

khong co

Trung binh
=1/2

1 lan tinh ham
2 phep cong

tinh toan/ 1 phép nhan

1 buérc

Lap

Chuyén
phuwong

voi |g'| <1

phu thudc
19’1 (=19')

1 lan tinh ham

trinh
vé dang x=g(x)

Tiép tuyén

Ham don diéu

phu thudc
[

1 l1an tinh ham
1 lan tinh dao
ham

2 phép cong

1 phép nhan

Day cung

khong co

phu thudc
|

1 |an tinh ham
4 phép cong
2 phép nhan



KKK K K XK

Bai tap
log(x.”2) + 2*x.™7 + 5;
log(x.m2) + 2*x.”3 + 4;
log(x.”2) + 4*x - 1;
log(2*x.73) + 4*x - 1;
log(3*x.74) + 4*x - 1;
log(3*x.74) + 2*x.”3 + 10;
X.*log(3*x.74) + 2*x - .5;
sin(x) + cos (x) + 3*x;
sin(2*x) + cos (3*x) + x73

+10*x;



V3

V1

ADCP

Vi=a;*X+b*y+c,*z
Vo=ay*X+ho*y+C,*z
Viz=asz*X+bs*y+C3*z

AX=V



NOI suy da thirc

_— T
— T

y=an*X"t+an*X"1+. +a*x +a *x+ag

y(Xi)=y
AX=y



Hé phuong trinh dai s6 tuyén tinh

a, X, T d;, X, T... T A o1 Xy T d; vy Xy = b,
a, X, +d,, X, ... Td, y_1Xy_1 Td, yXy = b,
Ay_11Xy Ty 11Xy Tooo FTdy g vy 1 Xyo1 TAy 11 v Xy = by_1
Ay 1% T dy X, oo FdAdy v Xy T dy Xy = by

a a,, a; y_1 a; y X1 b1
a,, a,, a, y—q a, y X, b,
A = : X = b =
y—11 Ap—12 Ay—1.vn-1 Ay-1.N XnN-1 by -1
Y Ay > Ay N-1 Ay N Xy by




1) M=N:(néi suy spline, giai hé)
det(A)<>0 - phuwong trinh c6 nhghiém duy nhat
c6 thé giai bang cac phuong phap truc tiép
det(A)=0 - phuwong trinh c6 v6 sd nghiém

2) M>N: (over-determine) (néi suy da thirc,,..)
det(A)<>0 - phwong trinh c6 nghiém duy nhat
c6 thé giai bang cac phwong phap trwc tiép
det(A)=0 - phuwong trinh c6 v sb nghiém

3)M<N: (under-determine)
phuwong trinh c6 vo s6 nghiém - giai bang
cach str dung cac théng tin ti€n nghiém:
L-cuver, Regularziration,..



Phuong phap giai truc tiép cho hé
phuwong trinh duy nhat nghiém (M=N)
Phwong phap dinh thire ([N+1]'N))

nwong
nwong
nwong
nwong

U U U T

O O O O

na
na
na

na

det A,
X. =
' detA

ap Gauss ([4N"3+9N"2-7N]/6)

0 lap don
0 chéo hdéa ma tran.

0 phan tich ma tran (SVD):

{AEs)

A=] = USV'x=b
st V ox=V[(S'S)'S'|U"b

S x=VS 'U'b



phwong phap binh phwong toi thiéu
(M>N - Over-determine)

xét bai toan do song thay trieu c6 dang h = a sin(kt+¢), ching
ta c6 N diém do. khi d6 dé tim a, @ ching ta can giai N hé
phuwong trinh dang:eA

h, = asin(kt,+0¢) h, = bsin(kt,) +ccos(kt,)
h, = asin(kt,+o) h, = bsin(kt,) +ccos(kt,)
h, = asin(kt,+¢) = h, = bsin(kt,) +ccos(kt,)
h.N 3 asin(ktN+¢) h.N 3 bsin.(ktN) +cco§(ktN)



C6 nhiéu cach dé giai phwong trinh nay:
a) Phuwong phap gia nghich dao:

Ax=h = A 'Ax=A"h = x=(A"A) A" h
b) phuwong phap phan tich ma tran QR:

A=QR = ATA:RT:RTR

=(R'R) 'A"h
c) phwong phap phan tich ma tran SVD:.

/‘-EL&VT = USV' x=h

:@ x V[(S S)'s"u"h




L-Cuver (M<N)

Ching ta duwa vao moét sai s6: AX + €=y

=> e—yAx

L=l Het(y-Ax|

Chung ta xac din

=> g = yAx)T (y-AX)

y-Ax

N A va x sao cho L nhd nhat.

—(A A+MH) A’y

A duoc xac dinh sao cho |Ax-y| nho hon sai s



Tinh dao ham

Khai trién Taylor clia ham f(x) tai diém x:

F(x+h)=f(x)+ > L pi ()

- !

Fxsh)=f(0+3 L0 (x)+0(h)

f(x+h)=f(x)+h f"(x)+O(h)
F(x—h)=f(x)—h f'(x)+O(h)



Tich phan xac dinh

 Phuwong phap hinh thang
* phwrong phap simpson



Phuong trinh dao ham toan phan

dy
o Xy) Y= =a
biéu kién bién Cauchy
* Piéu kién bién:
» Cauchy: biéu kién trang thai & mdt bén bién,
thuwdong la bién thoi gian (diéu kién ban dau).



Phwong phap Taylor (Cauchy)

Yfixy)

x:xo_a

biéu kién bién Cauchy

d d d d
a T ax b= g Ty ()
d“y _d dy B
dxk ‘ — dx d k—l ‘ — o

Trién khai Taylor tai diém x —

_ dy X~
y<X)_y(X0)+d_X ‘ x:xol—!_l_"—l_ ka



Phwong phap Euler

d Diéu kién bién Cauchy
—=f(xy)  yle.=a
y(xo+h) 6 (h)
=y (x,+h) f(xoy(x,))
y(x,+2h) f (xo+h,y(x,+h))

(N+1)h)=y(x,+Nh)+hf (x,+ Nh, y(x,+Nh))

> y(x,+h)=y(x,)+hf (xo+h/2/y(x,+h/2
Phuong phap diém gitra (midpoint) 7 ~—_
Y(Xo"l'h):y (Xo>+hf(xo+h/2:Y(@+ h/2,)/<xo+h/2>))




Phwong phap hinh thang

y(x,+h)=y(x )+hdi _ +h2 d”y __+0(h*)raylor

0 0 dX X=X, 2 dX2 X=X,
cong thirc ba diém _y X0+h )
y(X +h XO h@ X= xo dX X= x0+h
y(X +h> y( O dX X= x0 dX X= x+h) :kl

y<xo+h>—y<xo>=’l

2
w‘ (X0) + 5

cai tién: chon nghiém ban dau bang Euler:  y(xo)+h f(xo,y(X0)) = y(Xo)+hk: = k-




Phuwong phap Runge-Kutta

)’(xo"'h):y (Xo)"'(akl"'bkz)h

=1 (X, Y(Xo)) *a=b=1/2 ; a = 3 =1 - Runge-kutta 2"
kzzf(xo'l'ah,_)/(x
- \ Piéu kién téi thiu héa sai s6

O)+,B K -)a:O; b=1;a = =1/2 - Midpoint
a+b=1 (a=
Runge-Kutte 4%
— h X i lope= (k 14k3)/2
=ty x4k, i P O
i=f(xg+h, y(x,)+ 3 /_\/

Exact saluton
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